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IpeauciioBue

Kypc «AnanuTuueckasi reoMeTpusi U JIMHeHHAasi ajaredpa» 3aHUMacT
BAXXHOE MECTO B MAaTEMAaTHUYECKOM OOpa30BaHUM CTYJICHTOB (PU3MYECKOro (pa-
KylbTeTa. Mamemamuyeckue mMemoovl aHATUMUYECKOU 2e0MEempUu U Jjiu-
HeUHOoUl anzeopwvl nexcam 6 0CHOB8e KIaACCUUEeCKOU MeXAHUKU, meopuu msi-
20meHusA, meopuu ceema, uuveckux noneil, 2uopo- U aIPOOUHAMUKU,
AKyCmuKu u 6cex Opy2ux HanpaeieHuil ucciedo8anusn 6 odaacmu Qu3uxu.
MaremaTuyeckue METOAbI MO3BOJISIIOT TMOJMYYUTh KOJIMUECTBEHHBIE XapaKTe-
PUCTUKU (HPU3UUYECKUX SIBJICHUN, PaCCUUTATh C 3aJ]aHHOM TOYHOCTBHIO XOJ pe-
aJbHBIX MPOIECCOB, TPOHUKHYTh B CYTh 3aKOHOMEPHOCTEN (PU3NUECKUX sIBIIE-
HUM, IpecKa3aTh HOBBIE A(D(PEKTHI.

AHaUTHYECKasi T€OMETPUSI — 3TO CHOCOO PEIICHUSI TEOMETPUUYECKUX 3a-
a4 aHAJTUTUYECKUMH, TO €CTh alireOpandyecKuMHU METOJaMu. DTO O3HAYAET,
YTO BMECTO PUCOBAHMS YEPTEkKa U U3YUCHUS] COCTABIISIIOIIUX €T0 T€OMETpHUYe-
CKHX OOBEKTOB MUIITYTCS (OPMYJIbl. AHATIUTUYECKAS TEOMETPHS JIETKO CIIPaB-
JseTCsl C 3ajlayaMH B MPOCTPAHCTBaX JII0OOOM pasMEpPHOCTH, B TO BpeMs Kak
T€OMETPUYECKUE METOJbI PEIICHUS B 3TOM CJIydae MWW OYE€Hb CJIOXKHBI, WM
MPOCTO HEBO3MOKHHBI.

MeToabl aHATTUTUYECKONW TE€OMETPUM U JIMHEUHON anreOpbl MPUMEHSIOT-
Ci B KauecTBE anmnapara U UHCTPYMEHTa UCCIEeA0BaHUS (PU3NUYECKUX SBJIE-
Huil. CospemeHnHbll PU3UK O0IHCEH UMEMb WUPOKYIO U 2IYOOKYI0 Mamema-
MUYECKyo n0020MosKY, XOPOulo 61ademb HOBEUWUMU MAMeMamuyecKumu
Memooamu uccied08anus, KOTopble MOTYT MIPUMEHSATHCS B 00JIaCTH €ro Jes-
TEJILHOCTH.



1 KBaapaTrHbie cucTeMbl JIMHEHHbIX YPABHECHU

1.1 OcHOBHBIC IOHATHS TEOPUU CUCTEM JIUHENHBIX YPABHCHU I

CoOBOKYITHOCTb ypaBHEHUH BHUJa
a.x +a,x,+..+a x =b

a,x, +a,x,+..+a,x =b,
J (1.1)

a x+a x +..+a x =b
L mlTT] m2772 mn”"n m

Ha3bIBACTCS CUCMEMOU M JUHEUHbLIX VDPABHEHUNl ¢ N Heu38eCmHbIMU
X5 X, 5. X, . HUCIHA @, Ha3BIBAOTCA KOODDuyuenmamu cucmemot, a uucna b, —

C80OOOHBIMU YICHAMU.

Pewenuem cucmemwr (1.1) Ha3pIBaeTCs COBOKYNHOCTbH YMCEN C,,C,,...,C, ,
IpU TOJICTAHOBKE KOTOpHIX B cucrtemy (1.1) BMecTo X, X,,...,X , TIOJy4aem
BEpPHBIC YHCIOBBIC PABEHCTRA.

Pewums cucmemy — 3HaUUT HAUTU BCE €€ PEIIEHUS WM JI0KA3aTh, UTO UX HET.

Buabl cucreM JIMHEHbIX YPABHEHUM

Cucrema JIMHEHHBIX aNreOpanvyecKux ypaBHEHUN Ha3bIBACTCA CO8MeCHI-
HOU, €CIIM OHA UMEET XOTs Obl OJHO perieHue. B npoTUBHOM ciiyyae cuctema
Ha3bIBACTCS HECOBMECMHOU.

IHpumep 1.1. Cucrema SBIIETCI COBMECTHOW, TaK KaK OHA HMMEET IO
KpaiiHeul mepe oaHo peurenue x =0, y =3.

3x =2y =-6,
Sx+y=3.
IIpumep 1.2. Cucrema sBIsSE€TCS HECOBMECTHOM, TaK KaK BBIPaKEHUS

CTOSIIIUE B JIEBBIX YaCTSAX YPABHEHUW CUCTEMbI PaBHbBI, HO MPaBble YaCTH HE
paBHbI Apyr npyry. Hu ansa kakux HaOopoB {x, y} 3TO HE BBIMOIHAETCA.

Sx+y=-6,
Sx+y=3.

Cucrema (1.1) Ha3bIBaeTCsl ompedeieHHOU, €CIA OHA COBMECTHA U HMEET
eIMHCTBEHHOE perieHue. B mpoTUBHOM cityyae (TO €CTh €CIM CUCTeMa COBMECT-
Ha U UMeeT 0oJiee OHOTO PELICHUs) CUCTEMA HA3BIBAETCS HeonpeoeleHHOU.

Korna ypaBHeHu#t 0osbliie, 4eM HEU3BECTHBIX, CUCTEMA HA3bIBAETCS nepe-
onpeoeeHHOU.

Cucrema Ha3bIBACTCSI 0OOHOPOOHOU, €CII BCE MPaBbIE YacTU (CBOOOHBIC
YICHBI) YPaBHEHUH, BXOIAIINE B HEE, PaBHBI HYJII0 OJHOBPEMEHHO.



Ipumep 1.3. Cucrema sBIs€TCS OJJHOPOJAHOM, TaK KaK CBOOOJHBIC YJICHBI
PaBHBI HYJIIO.
x—-y+z—-4l=0,
Sx+y+1=0.

Cucrema Ha3bIBACTCS K8AOPAMHOU, €CIN KOJIWNYECTBO YPABHEHUN PABHO
KOJINYECTBY HEM3BECTHBIX.

IHpumep 1.4. Cucrema sBIsIETCS KBAAPATHOM, MOCKOJIBKY B HEM JIBE HEU3-
BECTHBIC U UX YHCJIO COBIIAAET C YUCIOM YPABHCHUN CHUCTEMBI.

3x -2y = -6,
Sx+y=3.

1.2 Marpuynas ¢opMa CHCTEMbI JJUHEHHBIX YPABHEHU I

Martpuna, coctaBienHas u3 kodddunuento cucremsl (1.1) npu Heus-
BECTHBIX

Clllalz....aln
a, a,,....d
21722 2
A= ",
amlam2 "’amn

xl bl
'x2 bZ

O6o3HaunM yepe3 X = , B= COOTBETCTBEHHO CTOJIOCI] HEM3BECT-
X b

n m

HBIX U CTOJIOEI] CBOOOIHBIX WIEHOB, TorAa cucteMy (1.1) MoxHO 3amucaTh B BUJIE
MaTpUYHOIO ypaBHeHUsI AX = B.

1.3 OcHOBHAaA U paclIMpPEeHHA MATPUIbI CHCTEMBbI

Marpuna cucrembl A Ha3bIBAECTCS OCHOBHOM MaTpuIled cucteMbl. Ecim
K OCHOBHOW Matpuile CUCTeMbl A J00aBUTHh CTOJOEI] CBOOOJHBIX YJICHOB,
TO MOJIyYUM MATPUIly, KOTOPYIO HA3bIBAKOT PACUUPEHHOU MAMpuyel cucme-

mor (1.1) A= (4| B)



a, a, aln bl
Z _ a21 22 aZn bz
aml amZ mn bm

1.4 Teopema Kpamepa 111 KBaApPaTHBIX JUHEHHBIX CUCTEM

Cucrema JUHEWHBIX YPABHEHHI HA3bIBAETCS KPAMEPOBCKOU, €CIN YUCIO
YPaBHEHUN PAaBHO YKCIY HEU3ZBECTHBIX WU ONPENEIUTENIb MAaTPULIBI CHCTEMBI
OTJINYEH OT HyJsl. ([pyrumu ciioBamu, KpaMepoOBCKasi CUCTEMAa — 3TO KBaJIpaT-
Has CHUCTEMa C HEHYJIEBBIM OIPEICIUTEIIEM MATPHUIIbI CUCTEMBbI)

Teopema 1.1. KpamepoBckasi cucrema UMEET €AMHCTBEHHOE PELICHHE, KO-
TOPOE HAXOJUTCS 10 (popMyJiam:

X = X, =—=,...,x =—=

1 sV 9oV, ’
A A A
rae A — OonmpenenuTeNb MaTPUIbl CUCTEMBI,
Ax. — ompenenauTenb, NOJyYEeHHbIN U3 A, 3aMeHoU cronlua ko3 du-
LIMEHTOB IIPX X, HAa CTOJOEI] CBOOOIHBIX YWIECHOB.

< HYCTB JdaHa KpaMCPOBCKaA CUCTEMaA

a,x, +a,x,+..+a x =b,

a,x, +a,x,+..+a,x =Db, (12)

a,x +a,x,+..+a,x =b,

nn n

Torna ee ONIPCACIINTCIIb OTIINYCH OT HYJIA:

all a12 aln
a a e a
2 22 2n
Al=A=| 0.
a, a, .. a,

Tak kak | 4 [# 0, To MaTpuIia CUCTEMBI A MMeeT 00paTHyro MaTpuity A .

3anuiieM KpaMepoBCKyto cuctemy (1.2) B MaTpU4HOM BUJIE
AX =B, (1.3)
rae



a,a,...a,, X b,

Ay, Qy, ...y, X, b,
A= , X = , B= .

anlan2“’ann xn bn

VMHOXKHM 00€ YacTh MaTpruuHoro ypasaenus (1.3) cnepana 4™ ':
A" (AX)=A"B,
BBuay accormatuBHOCTH YMHOKEHUSI MAaTPHUI] UMEEM
A7 (AX)=(A"AHX=E X=X.
Takum oOpazom,
X = A”'B — pewenue cucmembpi.

1) Ilokaxxem, 4TO Takoe peleHrne equHcTBeHHO. [Ipeanonoxum, uro X, u
X, — nBa pewmenust matpuaHoro ypasHenus (1.3). Torma AX, =B u AX, =B,
otkyma AX, = AX,. YMHOXast 00e YiCTH paBeHCTBa Ha A ' ClIeBa, UMEEM
A7(AX,)= A7 (4X)),
(A"AX, =(4"A)X,,
EX =E X,
X, =X,.
CnenoBarenbHo, cuctema (1.2) uMeeT eTMHCTBEHHOE PeIlICHUE.

2) Haiiném pemenne cucremsl (1.2). U3 paBencrBa X = A~ B umeeM:

X, A4, 4, ... A,\()
Yo | _ l 4, 4, ... A,||b,
Al e o
X, 4, A4, ... A )\b
OTKyJa
bl 12 aln
1 1b, a, .. a,
x =—(Ab+Ab +..+A4b)=— ,
A Al o oL
bn anZ ann
all bl * aln
1 lla, b, .. a,
x,=—(A4,b,+A4,b,+...+A.,b)=— ,
A Al o oo .
anl bn ann




H TaK JaJIec

all a12 bl

1 ll|a, a, .. b
x =—(A4b +A4,b,+..+4A4D)=—
A A

a, a, .. b

OO0o03Ha4as onpenennuTeny B IPaBOM 4acT paBeHCTB Ax,,Ax,,...,Ax, COOT-

— 1 — —
BETCTBEHHO, ITOJIYYUM (POPMYJIBI X, = A X, = yeeey X, = A >

1.5 BeruucauresabHbIe NPOLEAYPbI PeIIeHUsI KBAAPATHBIX
CHCTEM JIMHEeNHbIX YPABHEHUH

[TycTh mana KpamMepoBCKas CUCTEMa
a,x, +a,x, +..+a,x, =b

a,x, +a,,x, +..+a, x, =b,

a,x, +a,,x,+..+a x =b

1) CocraBisgem MaTpuny CUCTCMbI 1 BLIYHUCIIAACM €€ OIIPCACIINTCIIb!:

a,a,...qa, a, a, .. a,

a,a,...a, a, a, .. a,

A= 2177227 "% 2n ,lAle:

a.a,..a a, a, .. a,

n1"n2°* """ nn
Ecmm A#0 , TO CUCTEMA COBMCCTHA, B ITPOTUBHOM CJIY4a€C — HCCOBMCCTHA.
2) I[J’If[ COBMECTHOM CHUCTEMBI HaXO0IUM AOIIOJHHUTCIBHBIC OIIPCACIUTCIIN

Ax., momy4deHHbId U3 A, 3aMEeHOHN CTOJI0IAa KO3((PUIUEHTOB NP X, HA CTOJI-
Oell CBOOOIHBIX YWICHOB:

b a, .. a, a, b .. a, a, a, .. b
b, a a a, b a a, a b
2 22 e 2n 2 2 ot 2 2 22 ot 2
Ax, = , Ax,=| " LUt Ax =] :
b a, .. a, a b .. a, a, a, .. b
3) Haxonum petienne cucteMsl 1o ¢oopmynam Kpamepa:
Ax, Ax, Ax,
X ==X, =— ., X, = :

ATTPOATTT A



Hpumep 1.5. Pemuts cucremy ypaBHeHui o npasminy Kpamepa

X +2y—z=2
3x-5y+3z =1.
2x+7y—z=8
Pemenne. 1) 3anuiiem MaTpuily CUCTEMBI U CTOJIOEI, CBOOOIHBIX YJIECHOB:
1 2 -1 2
A=|3 =5 3|, B=|1 HaitneM omnpenenuTesib MaTpUIbl CHUCTEMBI
2 7 -1 8
1 2 -1
|Al=A=|3 =5 3|=-29. Ilockonbky A=-29#0 u 4yuciO ypaBHEHUU
2 7 -1

COBIIAJIA€T C YUCJIOM HEM3BECTHBIX, TOIJIa HAIlla CUCTEMA YPAaBHEHUH SBJISETCS
KpaMEpOBCKOW U K HEW MPUMEHUMO IpaBuiio Kpamepa.
2) Haitnem onpenenurenu Ax,, IOJYYEHHbIE U3 ONPENEIUTEN A, 3aMEHOM

cToIoa KO3 PUIMEHTOB IPU MIEPEMEHHON X, HA CTOJIOEL] CBOOOIHBIX UJIECHOB.

2 2 -1 1 2 -1 1 2 2
Ax=]1 =5 3|=-29, Ax=3 1 3|=-29, Ax,=3 -5 1/=-29.
8 7 -1 2 8 -1 2 7 8
3) Haxonuwm pemrenne cucteMsl 1o popmynam Kpamepa
A 29 _Ax, 29 _%_—29_1

X, = =——=Lx,= =——=Lx= =——=].
A =29 A =29 A =29
Otser: x, =1, x, =1, x, =1, oTBeT Tarkke MOKHO 3anmcars Tporkoi (1, 1, 1).

1.6 MaTpu4HbIi METOJ PEeIICHUS CUCTEM
JIMHEHHBIX YPAaBHECHM I

MatpuuHblii METOJ MPUMEHSAETCS I PEMIEHUS KPaMEPOBCKHX CHUCTEM.
OcHOBaH OH Ha paBEHCTBE
X=A4"B,
KOTOPOE MOJIYYHJIM IIPU AOKA3aTENbCTBE TEOpEMBI 1.1.
Hpumep 1.6. Pemnts cucreMy ypaBHEHHN MATPUYHBIM METOJI0M
X +2x,+3x,=7
2x, —x,+x,=9 .

x, —4x, +2x, =11

10



Pemenmne: 1) 3anuiiemM MaTpuily CUCTEMBI U CTOJIOEI] CBOOOHBIX YJICHOB:

1 2 3 7

A={2 -1 1|, B=|9 Haitnem onpenenutens MaTpUIlbl CUCTEMBI
1 -4 2 11
1 2 3

|A|=12 -1 1]=-25. Ilockonbky | A|=—-25+# 0 u 4uciI0 ypaBHEHUN COBIa-
1 -4 2

JAeT C YUCJIOM HEW3BECTHBIX, TOTJIa Hallla CUCTeMa YpPaBHEHUM SIBIIIETCS Kpa-
MEPOBCKOMN U €€ MOYKEM PELIUTh MAaTPUUHBIM METOJIOM.
2) Haiinem oOpaTHYyI0 MaTpUIly K MaTpuIlle 4 ¢ MOMOIIbIO allreOpandecKux

1 All A21 A31
nononHeHni A~ :7| 4, A, A4, |, rne A, — anreOpanyecKue JONOIHE-
| A13 A23 A33
HUSL K DJIEMEHTY X,, KOTOpble Haxomsarcs 1o ¢opmyne A, =(-1)""M , rne
M, — MUHOD K DJIEMEHTY X, .
4 =y a4 —eye) 1‘:-3, 4, =) _1‘=—7,
-4 2 1 2 1 -4
A, =D 23 =-16, 4, = (—1)2+21 3‘ =-1, A,= (—1)2+31 2 ‘: 6,
-4 2 1 2 1 -4
A4, =(-D™ 29 =3, A, =(-1)" Lo =5, A4,=(-1)" b2 ‘ =-5.
-1 1 2 1 2 -1
Takum o6pa3om, oOpaTHasi MaTpula kK MaTpulie 4 UMeeT BUJ:
2 —-16 5
A = L 3 -1 5
—-25
-7 6 =5

3) Haiinem pemienne cucteMbl ypaBHeHH# Mo ¢popmyne X = A~ B, Gynem

HUMCTH

1

X

2

SR R

3

1

25

2 -16 5
4= |3 1 5
~25
-7 6 -5
~75) (3
25 |=

-50

7
9
11

2-7+(-16)-9+5-11

1

g (3 T+ (D945 11

(=7)-7+6-9+(=5)-11

—1|. OTBer: x, =3, x, =-1, x, =2 wm Tpoiika — (3, -1, 2).

2
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Bonpocsl 1Jisi CAMOKOHTPOJIS

UTo Ha3BIBAETCS CUCTEMOM JIMHEUHBIX YPaBHECHU ?
UTo 03HAYaET PEUINTh CUCTEMY JIMHEWHBIX YPABHCHUN?
YKaxxuTe BUbI CUCTEM JINHEWHBIX YPABHCHUM.
YkaxuTe MaTpUuHyr0 (OPMY CUCTEMbI TUHEUHBIX YPaBHEHUH.
YTo Ha3bIBAETCS OCHOBHOW MATPUIIEH U PaCIIMPEHHOM MaTPHUIIEH CHUC-
TE€MBbI JIMHEWHBIX YPABHCHUIN?
6 Cdopmymupyiite Teopemy Kpamepa.
7 st KakMxX CHUCTEM JIMHEWMHBIX YPABHECHUW IIPUMEHSETCS IPABUIIO
Kpamepa?
8 Onumure BEIYUCIUTENBHYIO IPOLEIYPY PEIIEHUS KBAPATHBIX CUCTEM.
9 B yem 3akiroyaeTrcsi MaTPUYHBIM METOJ PEHICHUS] CHUCTEM JIMHEHMHBIX
ypaBHEHUN?

D AW N =

2 O0mme MeToAbI pelIeHUsI CUCTEM
JIMHEWHBbIX YPABHCHU U

2.1 Meton I'aycca penieHusi cMcTeM JIMHEHHBIX YPABHEHUI

Meron T'aycca mpumeHsieTCs MJisi NMPOU3BOJIBHOM CUCTEMBI JIMHEHMHBIX
YpaBHEHHU.

Cucremy JHMHEWHBIX ypaBHEHUUM OyJeM Ha3bIBaTh CHMYneHYyamou, €cliu
MaTpULa 3TOU CUCTEMBI CTyIIEHYATAs.

IIpu pemieHMHr CUCTEMBI JUHEHMHBIX YPABHEHUM NPHUMEHUM CIIEAYIOIIUN
an2opumm:

1. 3anuchiBaeM pacIIMPEHHYIO MATPUILY CUCTEMbI U MPUBOJIUM €€ K CTYy-
MIEHYaTOMY BHJYy, OIPEIEIISIEM PAHTHM MATPULBl U PACIIUPEHHOW MATPHUIIBI
CHUCTEMBI.

2. Ecnu HallIcHHbIE pAHTH HE PAaBHBI, TO CUCTEMA HECOBMECTHA.

3. PaHr MaTpuiibl CUCTEMBI PABEH PAHTy PACIIMPEHHON MATPUIIBI CUCTEMBI
Y PaBEH 4YucCiy 7. B 3TOM ciydae cucrema COBMECTHa.

4. Vcnonb3ys CTyNEHYATHIA BUJ PACIIMPEHHON MaTPHUIbI CUCTEMBI, 3aIlu-
ChIBAEM COOTBETCTBYIOLIYIO CTYIIEHYATYIO CUCTEMY.

5. Eciii 4ucno r paBHO YMCIly HEU3BECTHBIX /1, TO CTYINEHYATas CUCTEMA
MMEET BUJ

12



(
c, X, +e,x, +...+c, x =1,
c. X, +..+c, x =1,

J 22772 2 2 (2.1)
c x =1.

N3 cucrtemsl (2.1) nocnenoBareabHO HaXOIUM 3HAYEHUS I X, X,,..., X, ,
Ha4yWHasl C TOCEHEr0 ypaBHEeHH. B 3ToM ciydae cucrema ypaBHEHUN UMeEET
€IUHCTBEHHOE PEIICHUE.

6. Ecu 4nciio » MeHbIlle yncila HeM3BECTHBIX, TO CTyIEHUYaTas CHCTeMa

UMeeT BUJ
¢, X tc,x, +..+tc x =f
................................... (2.2)
Cirjl le oot cirjA xjk = f”
B cucreme (2.2) r ypaBHeHMI U n HeW3BeCTHbIX. HewsBecTHblE X, X,,..., X,

J1°

KOTOpbIE TIEPBBIMU BCTPEUAIOTCS B YPABHEHUSIX CUCTEMBI (2.2), HA30BEM 21a6HbI-
MU Heu38eCmHbIMU, OCTATIBHBIC — c80000HbIMU Heussecmubimu. V3 cuctemsl (2.2)
MOCJIEIOBATEIHLHO BBIPAXKaeM TJIaBHbIE HEM3BECTHBIE Yepe3 CBOOOIHbIC, HAUU-
Has C MOcJeAHero ypaBHeHUs. CBOOOJHBIE HEU3BECTHbIE MOTYT NMPUHUMATH
a00ble 3HaueHus. B 3ToM ciyuyae cucrema mMeer OECKOHEYHO MHOTrO perie-
Hul. Tem caMmbIM nojlydaem oOLIee pelIeHHUE.

IHpumepsi 2.1. [IpuBeneM npuMepsl CUCTEM JIMHEWHBIX YPABHEHUN, KOTO-
pble UMEIOT OJHO PEIlICHHUE, HE UMEIOT PEUICHUH U UMEIOT O€CKOHEYHO MHOIO
pELIEHU.

(3x, —6x, —x, =25
1) x,—x,+3x,=2 Otset: (2;-3;-1).
X+ 2x, +5x,=-9

2x, =3x,+x,+x, =4
2) 9 x +2x,—x,—2x,=3 OTBeT: HET pelICHUN.

X, —5x, +2x,+3x, =2

[ x +2x,-3x, =1

3)  —2x, +x,+x,=4 OTBeT: 0ECKOHEYHO MHOI'O PELLIEHUH.

—x, +3x,—2x, =5
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2.2 UccaenoBanue CUCTEM JIMHEHHBIX YPAaBHEHUM

HccnenoBate cucTeMy JIMHEWHBIX YPAaBHEHUN — O3HAYACT ONPEACIINTH, Ka-
KOU SIBJISIETCS 9TA CUCTEMA — COBMECTHOW MJIM HECOBMECTHOM, U B ClIy4ae €€ co-
BMECTHOCTH BBISICHUTB, ONPEJCIEHHAS 3TAa CUCTEMA WM HEOTIPEACIEHHAS.

Kpurepuii COBMECTHOCTH CHUCTEMBI JIMHEHMHBIX YPaBHEHUM HAET Teopema
Kponekepa-Kanemm.

Teopema 2.1 (Kporekepa-Kanennu). J1jis TOro, 4ro0bl cUCTEMa JIMHEHMHBIX
ypaBHEHUH ObLJIa COBMECTHA, HEOOXOUMO ¥ JTOCTATOYHO, YTOOBI PAHT MATPHIIHI

cucTeMbl ObUT PaBeH PaHTY PacIIMPEHHO MaTpuibl (rangAd = rangA ).
IIpumep 2.2. MccnenoBaTh cCUCTEMY HA COBMECTHOCTB!
x,—3x,+6x,+5x, =0
5x,—x, +2x,+x, =7
2x, +x,—2x,—2x, =1

Pemenue. IlpuBenenue maTpuilbl CUCTEMBl W PACIIMPEHHON MAaTPHUIIBI
CUCTEMBI K CTyII€HYaTOMY BU]ly OyJI€EM BBITIOJHITH OJIHOBPEMEHHO:

I =3 6 50 { -3 6 5o
5 -1 1 1]7]|—215 4|0 14 —28-247 | s
2 1 —2-21 0 7 —14-12[1

1 =3 6 510 L -3 6 50

0 0 0 05|—=25l0 7 —14-1201

0 7 —14-121 6 0 0 o0l

PaHr MaTpuIlsl CUCTEMBI PaBEH 2, a paHT PACIIUPEHHON MaTPUIbl CUCTEMbI
paseH 3. Ilo Teopeme Kponekepa-Kamnennu cucteMa HeCOBMECTHA.

JI71s1 COBMECTHOM CUCTEMBI JINHEWHBIX YPABHEHHUI BONPOC O €€ OMPENEIEHHO-
CTH WJIM HEONPEAEIEHHOCTH PEIIAETCs ¢ IPUMEHEHUEM CIIETYIOLINX TEOPEM.

Teopema 2.2. Eciii paHT OCHOBHOM MaTPULIbI COBMECTHOW CUCTEMBbI PaBEH
YHUCIIy HEU3BECTHBIX, TO CUCTEMA SBJISIETCS OIPEICIEHHOM.

Teopema 2.3. Eciii panr OCHOBHOM MaTpHIIbl COBMECTHON CHCTEMbI MEHb-
II€ YKCJIa HEU3BECTHBIX, TO CUCTEMA SIBJISIETCSI HEONPEAECIEHHOM.

Takum o0pazom, U3 chopMyIUPOBAHHBIX TEOPEM BBITEKAET cnocod uccie-
008aHUsL CUCTEM TUHEUHBIX aNeeOpauyecKux ypasHeHul.

ITycTh n — KOTMYECTBO HEU3BECTHBIX, rangA =r, rangd =r Torna:

1) npu r # r cucTemMa HECOBMECTHA;
2) mpu r =7 CHUCTeMa COBMECTHA, NMPUUYEM, €CIM ¥ = ¥ = n, CUCTeMa OIl-
peaen€HHas; €Cliv Ke » = r < n, CUCTEMa HEONPEACIEHHAs.
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basucnvim pewenuem HEONPENEIEHHON CUCTEMBI JIMHEHMHBIX YPAaBHCHUU
Ha3bIBAIOT TaKkoe €€ pelleHue, B KOTOPOM BCE CBOOOJHBIC HEM3BECTHBIC PaB-
HBI HYJIIO.

Ipumep 2.3. MccnenoBaTh cUCTEMY JIMHEWHBIX YPABHEHUI
X, —x, +3x;, - 2x, =1,

=3x, +2x, +x; +4x, =4,

2x,—3x, +16x, —6x, =9,

|=5x; +3x, +5x; +6x, =9

U B ClIy4ae HEONpeaeNEHHOCTH CUCTEMBI HAlTH €€ 0a3uCHOE pellIeHuUE.
Pemienune. Bpruucinm panru OCHOBHOM A W PACIIMPEHHOW MATpPUIL

(A|B) nanHOW cCHCTEMBbl YpaBHEHMUM, [JIsi 4YEro MPUBEAEM pACHIUPEHHYIO

(a BMeCTE C TEM M OCHOBHYIO) MATPUILYy CUCTEMBI K CTYIIEHYaTOMY BUAY:

1 -1 3 -2/1 1 -1 3 -2/1
-3 2 1 4 |4 H(-2) O -1 10 =27 HI+11-(-1)
WS IV +11-(-2)
2 -3 16 -6|9 0 -1 10 =27
-5 3 5 6|9 0 -2 20 -4|14
1 -1 3 =2|1
0 -1 10 -2|7
—>

0O 0 0 010
0O 0 O 010

Y 1anvB TPETHIO U YETBEPTYIO CTPOKH, ITOJYUMM CTYTIEHYATYIO MATPHULLY

1 -1 3 =211

0 -1 10 =217

Takum oOpazomM, rangA = 2, rangA = 2 CrienoBarenbHO, JaHHAs CUCTEMA

JMHENHBIX YPaBHEHU COBMECTHA, a TIOCKOJIBKY BEJIMYMHA PAHTa MEHbIIIE YHC-

Jla HEU3BECTHBIX, CUCTEMA SIBJISIETCS Heonpeae€HHOM. [lomydeHHON B pe3yiib-

TaTe BJIEMEHTApHBIX MPEOOpPa30BAHMN CTYNEHYATONM MAaTPHUIE COOTBETCTBYET
CUCTEMA YPaBHEHUU

x, —x,+3x,—2x, =1, x, =-6+7x,

OTKYZa HaXOJUM
-x, +10x, = 2x, =7, 7 8 x, =—=7+10x, - 2x,.

2

HeusBecTHble X, U X, SBJISIOTCS IJIABHBIMU, @ HEU3BECTHBIE X, U X, —
CBOOOIHBIMH.
O6mee pemenue (—6+7r,—7+10r —2s,r,s), rae r,s € R.
ITpunaBast cBOOOAHBIM HEU3BECTHBIM HYJIEBbIE 3HAUECHHUSI, IOJIYyUUM Oazuc-
HOE PEIICHUE JaHHOW CHCTEMBI JINHENHBIX YPABHEHUN:
x=—6,x,=-7,x,=0,x,=0.
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Bonpocsl 1Jisi CAMOKOHTPOJIS

1 Kakas cucrema Ha3bIBA€TCS CTYIIEHYATON?

2 CdhopmynupyidTe aaropuT™M PEIICHUS CUCTEM JMHEWHBIX YpaBHEHUU
meTonoM ["aycca.

3 Kakue nepemeHHble B MeToAe l'aycca Ha3bIBarOTCS TJIaBHBIMH HEU3-
BECTHBIMU U CBOOOIHBIMU HEU3BECTHBIMU? B KakoM ciydae OHU MOSIBISIOTCA?

4 TlpuBeaure npuUMEPHl CUCTEM JIMHEWHBIX YPaBHEHUH, KOTOPHIE UMEIOT
OJIHO pellIeHHEe, OECKOHEYHO MHOTO U HE UMEIOT PEIICHHUSI.

5 CdopmynmupyiiTe KpUTepHii COBMECTHOCTH CUCTEMbI JIMHEHHBIX YPaBHEHHH.

6 VYkaxuTe crnocod UCCIeNOBAHUS CHUCTEMbl JIMHEWHBIX YypaBHEHUH
Ha COBMECTHOCTb.

7 Kakoe penieHre Ha3bIBaeTCsl 0a3UCHBIM?

3 OaHOpPOAHbIE CUCTEMbI JIMHECHHBIX YPABHCHUH

3.1 OnpenesieHne 0THOPOIHON CHCTEMbI
JIMHEUHBIX YPaBHEeHM I

CucreMa TMHENHBIX YPaBHEHUH HA3bIBAETCS OJTHOPOIHOM, €CIIN OHA UMEET BUJ
( 0

a, X, +a,x, +..+a, x, =

ay X, +ay,x, +..+a,x, =0

< . (3.1)

a, x +a ,x,+.+a x =0

MarpuuHnblii BUA OJHOpPOAHOU cucteMbl: AX =0, rae A — Marpuia cuc-
TeMbl, X — cTOJ0€l HEU3BECTHBIX.

OnHopo/iHasi cUCTEMa BCErjla COBMECTHA, MOCKOJIbKY JIF00ask OHOPO THAS
JUHEWHas CUCTEMa HMMEET IO KpalHeu Mepe OJHO  pEIICHUE:
x,=0,x, =0,...,x =0.

Ecnmu onHOpoIHAas cucTteMa MMEET €IUHCTBEHHOE PEIICHUE, TO 3TO €IUH-
CTBEHHOE PEUICHUE — HYJIEBOE, U CUCTEMa HAa3bIBACTCS MPUBUATLHO COBMECH-
Hou. Ecnu ke oJIHOpo/iHAsi cucTeMa uMeeT 00Jiee OJTHOTO PEIIEHUs], TO CPEeau
HHUX €CTh U HEHYJIEBBIE U B 3TOM CJIy4ae CHUCTEMa HA3bIBACTCS HEMPUSUAIbHO
COBMECMHOL.

IIpumep 3.1. HerpuBranbHasi COBMECTHOCTh OJHOPOIAHON CHUCTEMBI JIU-
HEWHBIX YPABHEHUHN C KBAJIPATHOW MaTPULIEH.
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[IpruMeHUB K MaTpUIE CUCTEMBI AJITOPUTM TayCcCOBa UCKIIIOUEHUS, TTPUBE-
JIEM MaTPHUILy CUCTEMBI K CTYIIEHYaTOMY BUTY.
PaHr Matpuilsl cCICTEMBI paBeH r (rangA =r).

l ¢, ... ¢, c,
01 ... ¢, C,,
o0 .. 1 .. ¢,
000 0 0 O
0O 00 0 0 O

Teopema 3.1. Ilycts ¢ ,c,,...,c, — MATPUILIBI-CTOJOIBI PEIICHUE CUCTEMBI
(3.1). Tormac=o,c, +a,c, +...+0a, ¢, (a, € R)— pemenue cucremsl (3.1).
Jlpyrumu ci10BaMu: €M OJHOPOJ/HAsl CUCTEMa HETPUBHUAIbHO COBMECTHA,

TO OHA UMEET OECKOHEUYHOE MHOXKECTBO PEIICHUM, IPUUYEM JIMHEWHAasE KOMOU-
HaIUs JIIOOBIX PEIICHHUI CUCTEMBI TOXKE SIBIISIETCS €€ PEUICHUEM.

3.2 Kpurepuu cylieCTBOBAHUS HEHYJIEBbIX PelICHUH

Teopema 3.2. /i Toro uto6s! cuctema (3.1) OblJIa HETPUBUAIBHO COBME-
CTHOM (TIpu m = 1), HEOOXOAUMO U JOCTATOYHO, YTOOBI ONpEeNeTUuTeNh MaT-
PHIIbI CUCTEMBI ObLIT PABEH HYIIIO.

Teopema 3.3. /{51 Toro uto6s! cucrtema (3.1) umena HeTpuBHAIbHOE (HE-
HYJIEBOE) pelIeHrne, HE0OXO0IUMO U JOCTATOYHO, YTOOBI PAaHT CUCTEMBI (paHT
OCHOBHOM MAaTpHUIIbI CUCTEMbI) ObLII MEHBIIIE YHCIIA HEU3BECTHBIX.

CaencrBue 3.1. Jliobas cucrema JMHEHHBIX OJHOPOJHBIX YpaBHEHHI,
B KOTOPOU YHCIIO YPAaBHEHUU MEHBIIE YMCIIA HEU3BECTHBIX, UMEET HETPUBHU-
aJIbHOE pEelICHUE.

CaencrBue 3.2. Jlyisg Toro uroOsl cucrema (3.1), B KOTOpPOM YHCIIO ypaB-
HEHUW paBHO YHCIy HEU3BECTHBIX, UMEJla HETPUBUAILHOE PEIlIeHHEe, HE00XO-
JUMO U JJOCTaTOYHO, YTOOBI €€ ONpeieNIuTeNb ObUT pAaBEH HYIIIO.

3.3 dyHaaMeHTAJIbHAS CHCTEMA pelleHui
@ynoamenmanvrot cucmemou peuteruti (OCP) cucremsl (3.1) Ha3bIBaeT-

Csl IMHEWHO HE3aBHUCHMAas CHUCTEeMa pellleHui (MaTpUIl-CTOJIOIIOB), Yepe3 KOTO-
pYyIO TUHEWHO BhIpaXkaeTcs Jroboe pemnenue (3.1).
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Teopema 3.4. [Tycth r — panr cuctemsl (3.1), n — 4nciI0 €€ HEU3BECTHBIX U
r <n. Torga cucrema (3.1) umeeT OECKOHEUHOE MHOXKECTBO (DyHIaMEHTAIIBHBIX
CUCTEM pEUICHUH, MPUYEM KaxkIasi U3 HUX COCTOUT U3 (71 — ) YKUCIIa PEIICHUHN.

Jpyrumu cioBaMu: cpear OECKOHEUHOTO MHOXKECTBA PEIICHUN OJTHOPOIHOM
CHCTEMbI MOHO BBIJIETIUTH POBHO (7 — ') TMHEMHO HE3aBUCUMBIX PEIICHUH.

COBOKYITHOCTb (77 — 7) IMHEWHO HE3aBUCHUMBIX PEIICHUI OJTHOPOIHOM CHC-
TEeMbl HA3bIBACTCA (hyHOAMEeHmMAanbHOU cucmemou peutenuti. JIroboe pereHue
CUCTEMBI JINTHEWHO BbIpaxkaeTcs yepe3 GyHAaMEeHTaIbHYI0 CUCTEMY.

Takum 00pa3oM, €ClIM paHT » MaTPUIIbl A OJTHOPOIHOM JIMHEHMHON CHUCTEMBI
AX =0 MmeHblIe YKClIa HEU3BECTHBIX 7 U BEKTOPHI €,,¢e,, ...,e,  00pa3yloT ee

(yHIaMmeHTanbHyt0 cucreMy pemeHuil (Ae =0, i =1,n—r), To moboe pe-
menne x cucreMbl AX = (0 MOXHO 3aIcaTh B BUJIC

x=ce +c,e,+..+tc, e _,

r n—

rne c,,c,,...,C, — IPOU3BOJbHBIC MMOCTOSHHBIC. 3alMCAHHOE BHIPAKEHUE
HA3BIBACTCS 0OWUM peuleHueM OTHOPOTHOU CUCTEMBL

Hccneoosamv 00HOpOoOHYIO cucmemy — 3HAUUT YCTAaHOBUTD, SIBJIIETCS JIM OHA
HETPUBHAJILHO COBMECTHOM, 1 €CITU SIBJISICTCS, TO HAalTH (pyHIaMEHTaIbHYIO CHC-
TEMY pEIICHUH U 3aIiucaTh BBIPAKEHHE ISl OOIIEro PEIICHUS CUCTEMBI.

Hccnenyem oqHOPOAHYIO CUCTEMY MeTo10M ['aycca.
[Iycts MaTpunia ucciienyemMon OJJHOPOJHOU CUCTEMBbI, UMEET PAHT MEHBIIIE
YyHciia HEM3BECTHRIX, TO €CTh 7 < 7.

1y ey,
A= 2y,
a . a . ...d

Takas marpuna npuBOIUTCA ['ayCCOBBIM HCKIIIOUEHUEM K CIIEAYIOLIEMY
CTYIIEHYaTOMY BUAY:
1 0 - 0c¢,., - c

0 1 - 0c,, - c

n

n

O 0 ) Crr+1 Crn
O 0 -0 O 0
O 0 --0 0 - 0

COOTBGTCTBYIOHI&SI OKBHBAJICHTHAA CUCTCMAa UMCCT BU
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X +tc, %, +..+tc,x =0,
X, +¢Cy X, o tey,x =0,
x +c, X, +..+c, x =0.

Otcroza J€TKO MOJIyYUTh BBIPAKCHHS NI IEPEMEHHBIX X, X,,..., X, 4EPE3

X ., X X

FH12 74290007, 0

ITepemenHble X, X,,..., X, Ha3bIBAOT OA3UCHbIMU (2IAGHBIMU) NEpPEeMEH-

HbIMU, @ TIEPEMEHHBIE X, ,,X X, — C60O0OHBIMU NePeMEHHbIMU.

[lepenecs cBOOOIHbIE IEPEMEHHBIE B MPABYIO YacTh, MOIYy4YUM (POPMYIIBI,
KOTOpbIE OTMPEIETISIOT 00IIIee PEIIEHNE CUCTEMBI.

Fe29°00

-

X1 = 70X T T G
) Xy = 7Cor X T T G Xy
xr = _Cnr+1'xr+1 e Cnnxn .

IToJy10kMM mOCIIEIOBATEIBHO 3HAUCHUS CBO6OI[HBIX INCPCMCHHLIX PABHBIMU:
xr+1 = 1’ xr+2 = 05 ‘xr+3 = OJ "‘Dxn = Op
xr+1 = O’ xr+2 = 19 xr+3 = O: °'°9xn = 09

x.,=0,x

r+1 r+2

¥ BBIYHUCIIMM COOTBETCTBYIOIINE 3HAYEHUS OA3UCHBIX MepeMeHHbIX. [lomyden-
HBIE n-7 PEUICHUN JUHEWHO HE3aBUCHMBI U, CJIEJAOBATEIbHO, 00pa3yroT (QyH-
JaMEHTAIBHYIO0 CUCTEMY PEUIEHUN UCCIEyeMON OAHOPOIHON CUCTEMBI.

3.4 BpIuMCJIMTENbHBIN AJITOPUTM HAXOKICHUS
GyHaIaMeHTAJBbHON CUCTEeMbI PelleHU

1. Bepém 000 OTIWYHBIN OT HYJIS ONpeAeauTeNb d nopsaka (n-r).

2. CBOOOAHBIM HEU3BECTHBIM MOOYEPETHO MPHUAAIOTCS 3HAUCHUS, PaBHBIC
aJeMeHTaM 1-ro, 2-ro U T. JI. CTOJIOLOB ONpeaeauTes d, U KaXIbli pa3 u3 00-
IIETO PEIICHUS HaXOASIT COOTBETCTBYIOIINE 3HAUCHUS TJIABHBIX HEU3BECTHBIX.

3. TomydeHnsbie (n-7) peMICHUA COCTABIIIOT QyHIaAMCHTAIBHYIO CHCTEMY.

HMpumep 3.2. Haiitu ®CP oqHOpOAHON CUCTEMBI IMHEHHBIX YPaBHEHUIN
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X, =X, +x;—x,+x, =0,
2x, —3x, +2x, +2x, =0,
3x,—4x, +3x; —x, +3x, =0
Pemienne. OgHOpoHAas cUCTEMa JMHEWHBIX anreOpandecKux ypaBHEHUN
C MOMOIIBIO IEMEHTAPHBIX IPE0Opa30BaHU MOXKET OBITH IIPUBEJEHA K CTY-

IIEHYaTOMY BHUY:
x, +x, =3x, +x, =0,

x, —2x,=0,
0=0.
WIIN
x, =-x, +3x, — x,,
x, =2x,.

IZI€ X,,X,— TJIABHBIE [IEPEMEHHBIE,
X,,X,,X, — CBOOOJIHbIE IEPEMEHHBIE.

Panr » MmaTpulibl paBeH 2, YUCIIO 7 HEU3BECTHBIX PABHO S5, CUCTEMA HETPHU-
BUAJIbHO COBMECTHA. Pasmeprocmb npocmpancmea pewieruil d dTOW OJIHO-
POIHOM CHCTEMBI paBHA 3:

d=n—r=5-2=3.

[Tonyunnu Tpu JUHENHO He3aBUCUMBIE pelieHus: cucteMbl Ey, E,, E; (Tao-

nuia 3.1).

Tabanma 3.1
Pemenue ITepemeHHbIE
X1 X2 X3 X4 Xs
Ey 10100
E, 3210010
ks dlo0lo0o]o1
Wnu B BUJE ManI/II_[-CTOJ'I6I_IOB:
El =1 ) E2 =10 ) E‘3 =10 ,
0 1 0
0 0 1

KOTOpbIE 00pa3yroT 0a3uc MPOCTPAHCTBA PEIIEHUN CUCTEMBI, TO €CTh 00pasy-
10T €€ pyHOaMeHMAanbHYI0 cucmemy peuleHu.
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Bonpocsl 1151 CAMOKOHTPOJIS

I VYkaxure, KaKM€ CHCTEMBI JUHEWHBIX YPAaBHEHUN HA3bIBAIOTCA OJIHO-
POIHBIMH.

2 CdopMynupyiTe KpUTEPUU CYLIECTBOBAHUS HEHYJIEBBIX PEIICHUIN OJ1-
HOPOJHBIX CUCTEM JIMHEWHBIX YPABHCHUM.

3 Uro Ha3biBaeTcs PyHIAMEHTAIBHON CUCTEMOW PEIICHUI?

4 Kakoe pellleHHE HAa3bIBAETCS OOIIUM pEUICHUE OJHOPOIHBIX CHUCTEM
JIMHENHBIX YpaBHEHU?

5 Onummre CcXeMy HCCIEN0BaHUS OJHOPOJHOM CHCTEMBI JIMHEWMHBIX
YPaBHCHUU.

6 VYKaXuTe BIUUCIUTEIbHBIN aqrOPUTM HAXO0XKAEHUS (QyHIaMEHTaIbHON
CUCTEMBI PELICHHM.

4 CxajasipHoe npou3BeieHre B JMHEHHOM IPOCTPAHCTBE

4.1 AkcuoMaTH4YeCcKoe onpeaeaeHne
CKAJIAPHOI0 NPOU3BEACHUA BEKTOPOB

Ilycte V' — nercTBUTENBHOE JIMHEWHOE MPOCTPAHCTBO. ['0BOpAT, UyTO HaA V'
3aJIaHO CKASIPHOE TPOM3BEICHUE, €CIU KaXKIIOW Mmape BEKTOpoB a,b € V' mo-
CTaBJICHO B COOTBETCTBUE JIEUCTBUTENIbHOE YnCiO (a,b), MpUuueM BBIMOIHSIOT-
Csl CJICYIOIINE aKCUOMBI:

1) (a,b)=(b,a) nus moo6bIX a,b eV ;

2) (a+b,c)=(a,c)+ (b,c) nns nmoObIX a,b,c €V,

3) (aa,b) =a(a,b) nus moObIX a,b € V u mobdoro a € R;

4) (a,a) > 0 nyst 1FO6OTO HEHYJIEBOTO BEKTOpa a € V.

JleficTBUTENbHOE JTUHEWHOE MPOCTPAHCTBO C OMpPEACIICHHBIM Ha HEM CKa-
JSIPHBIM TIPOU3BEICHUEM HA3BIBACTCS e6KAUO0BbIM npocmparcmeom. Ilpuse-
JIEM HECKOJBKO BKHBIX TIPUMEPOB €BKIUIOBBIX TPOCTPAHCTB.

1. CkansipHO€ MPOM3BEICHHE BEKTOPOB Ha V° OmpeneuM Kak Ipou3Bejie-
HHE JUIMH 5THX BEKTOPOB Ha KOCHHYC yriia Mexmy HuMu. Torma V'’ — eBKiH-
JIOBO MPOCTPAHCTBO.

2. Tnsa mo0bIx AByX GyHkuui f,g € C, , TOI0KAM

(f.9)=[ £ () gx)dx. @.1)
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®opmyna (4.1) 3anaer ckansgprHoe npoussenenue na C, .. 3uaunr, C,, —
€BKJIUJIOBO IIPOCTPAHCTBO.

3. CkanspHoe npoussenenue uisl x = (x,,...,x ) e R"u y =(y,,...,y,) € R
onpeaenum dhopmyioi (4.2)

(X6, V)=xp,+ X, +..t X,V =;xiyi (4.2)
Torma R" — €BKJIMIOBO MPOCTPAHCTBO.

Teopema 4.1. JItob0oe KOHEYHOMEPHOE ACHCTBUTEIHLHOE JUHEHHOE IPO-
CTPaHCTBO MOYKHO MPEBPATUTH B €BKJIINIOBO MTPOCTPAHCTBO.

Ipumep. Ilycts x=(x,,x,)e R’ u y=(y,,y,) € R*. SIBnsercs 1 QpyHK-
st F(x,y)=3xy,—7x,y, ckamspubiM npousBenenne B R*? Ecnu Her, TO
YKa)KUTE, KAKUE U3 CBOMCTB CKaJSIPHOTO IPOU3BEICHUS HAPYIIAIOTCSI.

Pemenue. [IpoBepuM BBITIOJIHEHHE CBOMCTB CKAJIIPHOTO MTPOU3BEICHUS

1. Ilockomexy F(x,y)=3xy,-7x,y, =3yx, -7y,x, =F(y,x), Toraa
nepBasi akCMOMa BBITIOJTHSETCSL.

2. Tonoxum z=(z,,z,) € R*. Toraa

F(x+y,z)=3(x,+y,)z, = 7(x,+y,)z, =
=3x,z, = 7x,z, +3y,z, = 1y,z, = F(x,2) + F(y,z).
3HAuUT, BTOpasi akCHOMa CKaJISIPHOTO MPOU3BEACHUS BBITIOJIHSIETCS.

3. IIyctb o € R, umeem
F(ox, y) =3ax,y, —7ox,y, =a(x,y, =7x,y,) = afF(x, y)

CrnenoBaTenbHO, TPEThSI aKCMOMa CKaJISIPHOTO MPOU3BEACHUS, BBITIOJIHSIETCS.

4. Ilycte x=(0,1). Torna F(x,x)=3-0-7-1=-7. 3nauur, ueTBepTas aK-
CHOMa CKaJISIPHOTO TIPOU3BEICHHUS HE BBHITTOTHICTCS.

CrnenoBaresibHO, UCKOMasi (DYHKIMSI HE 33J]a€T CKaJSPHOIO MPOU3BEIACHUS
2
Ha R".

4.2 OCHOBHbIE CBOMCTBA CKAJSPHOI0 NNPOU3BEACHUS

JIiist 1F00BIX TpeX BEKTOPOB a, b, ¢ €BKIUAOBA MPOCTPAHCTBA V' CO CKaysp-
HBIM Mpou3BeieHneM (a, b) u ar000ro IeHCTBUTEIHLHOTO YKCa O CIIPaBeJIUBO:

l. (a,ab)=0a(a,b);

2. (a,b+c)=(a,b)+(a,c);

3. (a,0)=0;

4. (0,b)=0;

5.ecmu (a,b) =0, nns moboro b eV, 10 a=0.
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4.3 IlonsiTHE HOPMBI BEKTOPA

Jnunoti 6ekmopa x B €BKIUAOBOM MPOCTPAHCTBE J HA3BIBAIOT YMCIIO

[l = /e 0)

BBGI[CHHOG OIpeJeIicHre B IPOCTPAHCTBE V'’ coriacyercss ¢ OOBIYHBIM
ompeeIeHUEM JIJTMHBI BEKTOPA.

B npoctpanctBe R" nnmHa Bektopa X = (X,,...,X, ) BbIpaxkaeTcs popmyioin

I = x4+ x4+ X = /gxf _

B npoctpancTtse C,,, JKMHA BEKTOpa BeIpaskaeTcst popmysoi

I71= \/I ().

Bennuuny | /| HasweiBaroT Hopmoi Qynxyuu f.

BCKTOp, JJIMHA KOTOPOTI'0 paBHA CAWMHHUIC, HA3ZBIBACTCA HOPMUPOBAHHBLIM.
Onepaunﬂ YMHOXCHHA HCHYJICBOI'O BCKTOpPA HA YHUCIIO, 06paTHOC Cro MJINHC,
Ha3bIBACTCA HOPpMUPOBAHUEM 6EKMOpA.

4.4 HepaBencTBo Komu — ByHSIKOBCKOTO

Crnenyromasi TeopeMa YCTaHABIMBAET CBS3b MEXKIY CKaJISPHBIM MPOHU3BE-
JIEHUEM BEKTOPOB U UX JIJTMHAMM.

Teopema 4.2. /Ins m00bIX ABYX BEKTOPOB a,b €BKJIMIOBA MPOCTPAHCTBA
BBITIOJTHSIETCSI HEPABEHCTBO

(@b <] |4 @3)

HepasenctBo (4.3) Ha3bIBaeTcs HepaBeHCTBOM Kowu — ByHAK08CK02O.

4.5 Yroa Mexay BeKTOPaMH B €BKJIHUI0BOM MPOCTPAHCTBE

B cuny HepaBeHncTBa Ko — byHsikoBckoro,
< (ad)
a] -1

JUTsL THOOBIX HEHYJIEBBIX BEKTOPOB a,b eBKJIMAOBa npocTtpanctsa V . Iloatomy

CYILIECTBYET €UHCTBEHHBIN yTroa ¢, 0 < ¢ < 7, TAaKOU, YTO
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_(ab)
o] - 2]
DTOT yroJl Ha3bIBACTCSl Y210M MeHcOy eekmopamu a u b.

0

4.6 HepaBeHcTBa TPEYroJIbHUKA

Teopema 4.3. B eBKIMA0BOM NPOCTPAHCTBE V Jisl IFOOBIX BEKTOPOB a U b
CIIPaBEIJIMBBI CIEYIONINE YTBEPKIACHUS:

1) Ha +bH2 = HaHz +HbH2 +2HaH-HbH-coscp, A€ (@ — yrojd MEXIy BEKTOpaMH
aub;

2) |la+ ] < a] +&]-

[IepBoe yTBepxkaeHUE TEOpeMbl 4.3 HA3BIBACTCS MeopeMou KOCUHYCO8,
BTOPOE — HEPABEHCMBOM MPey20IbHUKA.

Bonpocsl 1Jis1 CAMOKOHTPOJIS

1 JaiiTe akcCHOMAaTHYECKOE ONPENEIEHNUE CKATIIPHOIO TPOU3BEAEHUE BEK-
TOPOB.

2 Kakoe nmpocTpaHCTBa Ha3bIBACTCS €BKIJIMIOBBIM?

3 CdopmynupyiiTe OCHOBHBIE CBOMCTBA CKAJIIPHOTO NPOU3BEICHUS?

4 Yrto Ha3pIBaETCS JJIMHOM BEKTOpa?

5 Kakoil BeKTOp Ha3bIBa€TCI HOPMHUPOBAHHBIM? UTO O3HayaeT MpoOHOP-
MHUPOBATh BEKTOP?

6 Cdopmymupyiite HepaBeHCTBO Kot — ByHSIKOBCKOTO.

7 Kak onpenensercs yroj Meay BEKTOPAMHU B €BKIIMIOBOM IIPOCTPAHCTBE?

8 B ueM 3akirouaeTcs HEpaBEHCTBO TPEYTOJNIBHUKA U TEOpeMa KOCHHYCOB?

S OpToOHOPMHUPOBAHHBIN 0a3UC
B €BKJIMJI0BOM IPOCTPAHCTBE

5.1 IlonsiTHE OPTOHOPMHMPOBAHHOI0 Da3Kca
€BKJIM/I0BA NPOCTPAHCTBA

BekTopsl a, b eBKIMI0Ba IPOCTPAHCTBA V HAZBIBAIOTCS OPMO2SOHAILHBIMU,
eciu (a,b) = 0. bBynem nucatpb B 3TOM cityuae a L b.
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Cucrema BEKTOPOB e, €,,..., €, €BKIMI0BA NPOCTPAHCTBA / HaspIBaeTCA
OpMO20HANbHOU, €CIU JI00asi mapa BEKTOPOB 3TOM CHUCTEMBI OPTOTOHANIBHA,
TO €CThb ¢, | e, JsiBCeX i # j .

BYI[eM nmojararb, 4TO0 CUCTCMA, COCTOMAIIAsA M3 OJHOI'O BCKTOpPA, OPTOIO-
HaJIbHA. OpTOFOHaHBHaH CUCTCMAa HOPMHPOBAHHBIX BCKTOPOB CBKINAOBA IIPO-
CTpaHCTBA HA3bIBACTCA omeHopmupoeaHHOL?.

Teopema 5.1. OproroHanbHass CHCTEMa HEHYJIEBBIX BEKTOPOB €BKIIHIOBA
IIPOCTPAHCTBA JIMHEWHO HE3aBUCUMA.

BBuay Teopemsr 5.1 opTOroHaIbHBIC CHCTEMBI HTPAIOT B €BKIUIOBBIX IIPO-
CTpaHCTBaX (GyHIaMEHTaIbHYIO poiib. [Iporecc mepexoa K OpTOrOHAIBLHOMN
CHCTEME BEKTOPOB HA3BIBACTCS NPOYECCOM OPMOLOHANUZAYUU.

B kKOHEYHOMEpPHOM EBKJIMJIOBOM IIPOCTPAHCTBE CO CKAISIPHBIM ITPOHU3BE-
nenueM (a,b) U ¢ OpTOHOPMHUPOBAHHBIM 0a3ucoM e, é,,..., €, CIPABEINBBI
CJIETyIOITNE COOTHOIICHUS:

1) nnst m00OBIX BEKTOPOB a,b € V' cipaBeIIMBO TOXKJIECTBO IMapalljieso-
rpamMma:

la=b|f +]la+bl'=2(lal +[b);
2) [uist TFOOBIX BEKTOPOB @ € V' CIIPaBEIIMBO TOXKIECTBO KOCHHYCOB:
cos’(a,e ) +cos’(a,e,) +...+cos’(a,e) =1.

Teopema 5.2 (0 cywecmgosanuu opmonopmuposanno2o 6asuca). B neny-
JIEBOM KOHEYHOMEPHOM E€BKJIMIOBOM MPOCTPAHCTBE CYIIECTBYET OPTOHOPMHU-
pOBaHHBIN Oa3uc.

5.2 IlocTpoeHue OPTOHOPMHUPOBAHHOIO 0a3Uca

[Ipouecc oproroHanmszanvu, OMUCAHHBIA HUXKE, HA3BIBACTCA NPOYECCOM
opmoeonanuzayuu I pama — [lImuoma.
Ilycts a,,a,,..., a, — TMHEHHO HE3aBUCHMAsl CUCTEMA BEKTOPOB €BKJIMI0BA

npoctpanctBa V. Ilo Bekropam 3TOH cUCTEMBI OyAeM MOCIEAOBATEIbHO
CTPOUTH OPTOTOHAJIBHYIO CUCTEMY HEHYJIEBBIX BEKTOPOB b, b,,..., b, . Ilonara-

eM b, =a,.
Eciu Bekropwl b, b,,..., b,
o ¢popmyiie

_, YKC€ IIOCTPOCHBI, TO BCKTODP bz HaxXoauTcCsAa

b=a+Ab+Nb, +...+A\,_b (5.1)

-171-1 9
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_ (a.b)
L (bob)
_ (a.b)
37 (bz,bz) (5.2)
_ (a,, ”)
. ( 1-12~1- l)
Mpumep. Ilpumenss npouecc oproroHanmuszauuu I'pama — Imunara,

no 3aganHomy Oasucy x, =(1,0,1), x, =(-1,1,0), x;=(1,-1,1) mocrpoiire
B R’ OpTOHOPMHUPOBAHHBIN Gaswuc.

Pemenue. [ToctponM cHavana OpTOroHalbHBIN Oa3uc a,,a,,a, IpOCTpaH-

crea R’. Tomoxum a,=x, =(1,0,1). Tlo dopmymnam (5.1) u (5.2) nMeeM
(a,, 2) -1-1+0-1+1-0 1
a,=x,+o,a,,rne o, =— — =—.
(a,,a 1) 1-1+0-0+1-1 2

1.1
Torma a, =x, +o,a, =(-1,1,0)+—(1,0,1)=| ——,1,— |.
ﬂzzll()z()(zzj
ITo popmynam (5.1) u (5.2) umeem a, =x, +B,a, +B,a,, rae
(a,, 3) _1-1+40-(=D+1-1

Bl:_ :_1’
(a,, l) 1-1+0-0+1-1
1 1
——1+1-(-)+—--1
B :_(a27 3) _ 2 ( ) 2 :l:_
(a,,a,) BRI T 303
2 2 22 2
Torma
a,=x,+p,a +B,a, =(1,-11)— 1(101)+2( lllj—
3 3 171 2 3 2 ’2
0oL 21 (L 11
333 3733
[IponopMupyeM BEKTOpH! a,,d,, d,. i 5TOro HauJeM UX JJIUHBIL:

la,|=v1* +0% +1* =2

AN E
2 2 2
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5

a, 1

o] V2
_ 4 _\/2(_111)_
P T VU270 2)”

AN A

00pa3yroT OPTOHOPMHUPOBAHHBIN 0a3UC MPOCTpaHcTBa R°.

Ternepb BEKTOpHI y, =

5.3 BerunciieHue CKAJAPHOIO NPOU3BEACHUS
B OPTOHOPMHUPOBAHHOM 0a3uce

ITycts ¢, e,,..., €, — ODPTOHOPMHMPOBAHHAsI CUCTEMA U X = €X, +e,X, +...+ex,
uy=ey +ey, +..+ey, — Pa3NoKEHUE BEKTOPOB X U ) IO 3TOMY Oas3ucy.
Torna ckansipHOoe MPON3BEIEHUE BEKTOPOB X U ) BBIUUCIISIETCS IO (hopmyiie

L y)=x),+X,y, +..+x,y, :le.yl..

i=1

5.4 U3omopdu3M eBKIUI0BBIX NPOCTPAHCTB

JIBa TMHEHHBIX IPOCTpaHCTBAa V' U V' Hax OMHMM U TeM ke mojieM P Ha-
3BIBAIOTCSL  UBOMOP@HBIMU, €CIIA CYIIECTBYeT OHMEKTUBHOE OTOOpa’keHUe
¢@: V — V' takoe, uro:

1) o(x+y)=0(x)+¢(y) nus Bcex x,y €V ;

2) o(ox) = ap(x) ans aoboro x € V' u moboro o € P.

OtobpakeHue (@ B ATOM CiIydae Ha3bIBaeTCs U30MOP(OU3MOM JMHEUHBIX
npoctpanctB V u V'. Eciu npoctpanctBa V' u V' uzomop¢HBI, TO MUIIYT
V=v.

Teopema 5.3. OtHouieHue uzoMopdu3Ma JIUHEHHBIX MPOCTPAHCTB Ha
OJTHUM U TEM K€ IMOJIEM €CTh OTHOLICHHE YKBUBAJIEHTHOCTH.

Teopema 5.4. I[lyctb @: V' — V' — nuzomopdusM JIMHEHHBIX TPOCTPAHCTB
Vwu V' wang nonem P. Torna:
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1) ecnu O — HyneBoO#M BekTOp mpocTpaHcTBa V', To ((0) — HyJeBOM BEKTOp
npocTpancTea V';

2) ¢(—x) = —@(x) nus kaxaoro x € V;

3) ecnu cucrema a,, a,,..., A, BEKTOPOB IPOCTPAHCTBA V' TMHENHO HE3aBU-
cuMa, To cucrema ¢(q,),9(a,),..., (a,) BEKTOPOB MpocTpaHCTBA V' MHHEHHO
HE3aBHUCHMA.

[TycTh eBKIMAOBBI IPOCTpaHCTBa V' 1 V' n30oMop(hHBI Kak JTUHEHHBIC MPO-
CTPAHCTBA, TO €CTh CYLIECTBYET B3aUMHO OJIHO3HAYHOE JIMHEHHOE OTOOpake-
HHUe f TipocTpaHcTBa V Ha pocTpancTBo V. Eciu mpu 3TOM 0TOOpaskeHUu CO-
XpaHseTcsl CKaJsipHOe mpousBeneHue, To ectb (f(x), f(y))=(x,y) misa mro-

ObIX X,y €V, To oToOpaxeHue f Ha3bIBACTCS E€BKAUO0BLIM UZOMOPDHUIMOM

npoctpanct V' u V'. Camu npoctpancTBa V' 1 V' Ha3bIBarOTCS B 3TOM Cllydae
EBKIUO080 UZOMOPDHBIMU NPOCIMPAHCMBAMU.

Teopema 5.5. /[Ba KOHEUHOMEPHBIX €BKJIUIOBBIX ITPOCTPAHCTBA €BKJIUIO-
BO M30MOP(HBI TOT/Ia U TOJIBKO TOTJA, KOT/1a UX Pa3MEPHOCTH COBMAIAIOT.

CaencrBue. Kaxmoe n-MepHOe €BKIHIOBO MPOCTPAHCTBO €BKIMIOBO MU30-
MOp(HO MPOCTpaHCTBY R".

Bonpocsl 1j1s1 CAMOKOHTPOJISA

1 Kakas cucrema BEKTOPOB Ha3bIBAETCS OPTOTOHATIBHOM ?

2 Kakas cucrema BEKTOPOB Ha3bIBAETCS OPTOHOPMHUPOBAHHOM ?

3 CdopmynupyiiTe TEOpeMy O CYIIECTBOBAHUM OPTOHOPMUPOBAHHOTO
0a3uca.

4 B uewm 3akmrouaercs npouecc oproronanuzanuu [ pamma — [muara?

5 Cnoco0 BBIYUCIEHUS CKAISPHOTO MPOU3BEICHUSI B OPTOHOPMUPOBAH-
HOM Oa3uce.

6 Kakue nuHeiHbIe MPOCTPAHCTBA HA3BIBAIOTCS U30MOPGHBIMU?

7 Kakue nuHelHbIe TPOCTPAHCTBA HA3BIBAIOTCS €BKIIMI0BO M30MOPGHBIMU?

8 CdopmynupyiiTe KpUTEpHil €BKINI0BON N30MOPPHOCTH MPOCTPAHCTB.

6 KBaaparuiynbie QyHKIUU
HA JIMHEMHOM IMPOCTPAHCTBE

B stom pasnmene Mbl OyneMm u3ydaTh MPOCTEHIIME YHMCIOBbIE (DYHKIIUU
OT BEKTOPOB B a)(pMHHOM MPOCTPAHCTBE.
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Agunnvim npocmpancmeom Haja nojeM P HazpiBaeTcs Tpoiika (A4, L, +),
COCTOSIIAs M3 JIMHEHHOTO0 MPOCTpaHCTBA L Haj mojeM P, MHOkecTBa A, dJje-
MEHTBI KOTOPOTO HAa3bIBAIOTCS TOYKAMH, M BHEIIHEH OWHApHOM oIepamuu
AxL —> A:(a,l)— a+1, y1oBIETBOPSIONICH CIEAYIONTUM aKCHOMAaM:

a) (a+l)+m=a+(m+I) nnaBcex ae A; I, me L;

0) a+0=a nnsaBcex a € A;

B) JUIsl JIFOOBIX ABYX TOYEK a,b € A CymecTBYeT €AMHCTBEHHBIH BEKTOP
[ € L co cBOWCTBOM b+a+!.

6.1 Jluneiinas QyHKUUA

[Ipocretimen ¢yukued B ahPUHHOM OPOCTPAHCTBE SBIACTCS JIMHEHHAS

byHKITHA.
I'oBopsT, uTo B aUHHOM NPOCTPAHCTBE 3a7aHa JUHEUHAS YHKYU

(uueiiHast opma), eciau KakJIOMy BEKTOPY X IOCTaBJIEHO B COOTBETCTBUE
quCcIio f(x), Tak 4TO IPU 3TOM BBITIOJTHEHBI YCIOBHUS:

D fx+y)=fx)+ ().

2) f(Ox) =M (x).

BreibepeM B n-MEpHOM IPOCTpPaHCTBE MPOMU3BOJIBHBIA Oasuc e,e,,...,e,.
Tak kak  KaxIbli  BEKTOP X  MOXHO  TMPEICTaBUTh B  BHJE
x=xe +x,e, +..+x e,

TO B CWJIy CBOMCTB JIMHEHHOU (PYHKIIMU UMEEeM

Jx)=fxe +xe +..+xe)=xf(e)+x,fle,)+..+x,f(e,).

Takum 00pa3om, B n-MEPHOM MPOCTPAHCTBE C 3aJJaHHBIM 0a3UCOM JIMHEM-
Hasi QYHKIIUS MOXKET ObITh IIPE/ICTABIICHA B BUJIE

f(x)=ax +ax,+..+ax,, (6.1)

rie a, = f(e,) — NOCTOSHHBIE, 3aBUCAIIME JIMIIb OT BbIOOpa Oasuca,
ax,X,,..,X — KOOPJUHATHI BEKTOpa B 3TOM Oa3uce.

Takum 00pa3om, TaHHOE BBIIIE ONpEEICHUE JIUHEMHOW (PYHKIIMU COBIa-
JIAeT, TI0 CYILECTBY, C MPUHATHIM B ajiredpe onpeeraeHueM JUHEHHON (QyHK-
uuu (MuHEHHOU (hOpMBI); HAJO0 JUIIL UMETh B BUY, YTO B HAIIIEM CIIy4ae KO-
3¢ GUIMEHTHI 3aBUCAT OT BbIOOpa Oa3uca.

Ilepexoa oT 0HOTO Ga3uca K APyromy

BoisicHuM, kak MeHSIOTCSI KOA(DPUIIMEHTHI TUHEUHON (PYyHKIIMU TP 3aMe-
HE OJIHOTO 0a3uca IPyTUM.
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e " e.,e,..e —nBabasuca B R". [lycTs, nanee, BEKTOPHI

12 2’ 12729°

Ilycts e

e/ BBIpaXKarTcs yepes 0asuc e, e, ,...,e, popMyaaMu:

e =a,¢e+ta,e +..+a e

nl"n?d

=, ta,e +..+0a e

n2-"n?

I\)\»—A‘

e =a,e+a,e+.+0 e .

[Tycte B Oasuce e,e,,...,e, JIMHEHHas (PYHKIUS BbIpakaeTcs (pOpMyJIon
f(X) =ax, 2V
f(x)=ax +ax,+..+ax .

Tak xak a, = f(e,),a a, = f(e,), TO

:f(elz):f(alkel-i_aﬂc 2+ +ank n)_
= a‘lkf(el) + a2kf(ez) +..+ a’nkf(en) = alkal + aZkaZ +..F ankan °

!

X +ax,+..+ax, a B Oauce e,e.,...e — Hopmyroii

12729° n

Ms1 BuguM, 4TO0 KO3(P(UITMEHTHI JIUHEHHON (POpMBI TPEOOPa3yIOTCs MpU
nepexojie K Apyromy 0a3ucy Tak ke, Kak BEKTOpbl Oa3uca (Wi, KaKk MHOTa
TOBOPSIT, KOTPEAUEHTHO BEKTOpaM Oasuca).

IIpumep 6.1. B npocTtpaHcTBe, BEKTOpaMU KOTOPOTO SIBJISIFOTCS HETpe-
peIBHBIE (YHKIIMUA ¢(?), 3aJaHHBIC Ha OTpe3Ke [a,b], paccMOTpUM (PYHKIIHIO

f (), 3amannyro Gopmymoit f ()= j(p(t)dt.

Pemenne. Ota QyHKIMS JIMHEHHA, TaK KaK BBIMOJHSIOTCS yCaoBUs 1 u 2.
JleHcTBUTENBHO, TIEPBOE U3 HUX O3HAYAET, YTO MHTErPaJl CyMMBI PaBEH CyMMeE
WHTETPaJIOB, @ BTOPOE O3HAYAET, YTO MOCTOSHHBI MHOXKHUTEJIb MOKHO BBIHO-
CHUTb 3a 3HaK MHTETpaJa.

IIpumep 6.2. B Tom xe mpocTpaHCTBE paccMOTpuM pyHKIHIO f(¢), om-
peleneHHyo cieayomum odpasoMm. Beibepem Ha otpeske [a,b] HEKOTOpoe
3Ha4YeHue ¢ = ¢, u nojgoxum f (o) =o(z,).

[IpoBepbTe, uTo 3Ta GyHKIUA [ () TaKxKe JIUHEITHA.

6.2 IlonsiTne OMJIIMHEHHON M KBAAPATUYHOU (POPMBI

Mpg1 Oyaem roBoputh, uTo A(X;y) eCcTh Ounuuetinas ¢ynkyus (OWIMHEH-

Has popMa) OT BEKTOPOB X U V, €CIIH:
1) npu pukcupoBaHHOM y A(X; y)€eCTh JuHEHHAsT QYHKIIUS OT X,

2) npu pUKCUPOBAHHOM X A(X; y) €CTh JUHEWHAas (YHKIUA OT .

WNHbIMU c10Bamu, B CUJTY ONPEAEIICHUS JIMHEHHON PyHKINU yciaoBus | u 2
03Ha4yaroT COOTBETCTBEHHO:
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D) A(x, +x,5y) = A(x; ) + A(x,3 ), ACx;y) = AA(x; p).
2) AQx;y, + y,) = A(x; ) + A(x; ), AQx ) = pA(x; y).
IMpumepst 6.3. PaccMOTpuUM n-MEpHOE MPOCTPAHCTBO, B KOTOPOM BEKTOP

€CTh COBOKYIHOCTb 72 ykcel. [1ooxum
A(x; y) = allxlyl—l_ a12x1 y2 +""+ a]nxlyﬂ +

+ a2]x2y1+ a,x,y, +....F a, x,y, +
: (6.2)

+ anl'xnyl+ an2xny2 tot annxnyn
IJI€ X €CTh BEKTOp (X, X,,..., X,) ,

Y — BEKTOp (y19y29"‘9 yn) .
dopmyna (6.2) onpeaenseT OUIMHEHHYIO (QYHKITUIO.

Pemienne. B camom gene, ecinum 3adukcUpoBaTh Y, TO €CTh CUUTATH

(¥»¥,5-» ¥,) TOCTOSIHHBIMH, TO A(X;y) =) a X, y, 3aBUCHT OT X, JIMHEHHO,
i=l
J=1

TO €CTh €CTh JHMHEHHass QyHKUus OT X = (X, X,,..., X,) , @ IIPU MOCTOSHHBIX
X,y X,)5..., X, OpMa A(x;y) — nuHeNHasA QyHKLIUA OT ).

IIpumep 6.4. B npoctpaHcTBe, B KOTOPOM BEKTOPAMH SBJISIIOTCS HEIpe-
pbIBHBIC Ha [a,b] bynkuu f(¢) u g(s), pacCMOTpUM CIEAYIOIIUN MPUMED
ownuHeninon Qynkuuu. Ilycte K(s,f) — HekoTopass HemnpepbiBHAs (DYHKIIUS

Ha [a,b] nepeMmeHHBIX s U . [Tonoxum A(f;g) = HK (s,0) f(s)g(t)dsdt.

A(f; g) ecTh OunuHelHas QYHKIHS BEKTOPOB [ U g .

Pemenue. JlelicTBUTENBHO, yCIOBHUS | W 2 MpPOBEPSAIOTCA Tak XKe, Kak
U B npumMepe 6.1 mpeaplIymero myHKTa.
Ecmu K(s,t) =1, T0

A1) = [ [ £(9)g()dsdr = [ f(s)ds[ gy,

b b
TO ecTh A(f;g) ecThb IpOou3BeACHNE TUHEUHBIX (PYHKIIHIA I f(s)ds n j g(t)dt.

Ynpaxuenue 6.1. [Tokazars, uro ecnu f(x) u g(y) — nuHEHbIE (QYHK-
IIMU, TO UX pousBeaeHue f(x)g(y) ectb OunuHeHass QyHKITHS.

bununeiinas gynkuus (popma) Ha3bIBACTCS cuMMempuieckoll, eCii IJisl
JIOOBIX BEKTOPOB X M ) ©UMEET MeCTO paBeHCTBO A(x;y) = A(y;X).

B mnpuBenennom Beiie npumepe 6.3 onpeneneHHas (opmysnon (6.2)
ownuHelHass gopma A(x;y) CUMMETpUYHA TOrJa W TOJIBKO TOrJa, KOrja

a,=a, N OObIX { U j.
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IIpumep 6.5. CxanspHoe npousBesieHUE (X, )y) B €BKJIHIOBOM MPOCTPaH-
CTBE SIBJISICTCSI CHMMETPHUECKON OMITMHEHHOU (hopMOii.

Pemenue. B camom niene, akcuomsl 2, 3, 4 CKaJSIpHOTO MPOU3BEACHUS KaK
pa3 M O3HAYAIOT, YTO CKAISIPHOE MPOU3BEIAECHUE €CTh CUMMETpUYEcKas Ouiu-
HelHas ¢opma.

Ilycte A(x;y) — cumMmerpuueckas ovnnHelHas gpopma. Oynkuus A(x; x),
KoTopas nojydaercs u3 A(x;)), eclid MOoJOKUTh y = X, Ha3bIBACTCS K8AOpA-
MUYHOU POopMO1L.

A(x;y) Ha3pIBaeTcsi OWUIMHENHON (POpMOMN, nosApHOU K KBaJIpaTUYHOU

dopme A(x;x).

TpebGoBanne cummerpuyHOCTH (POpMBI A(X;)) B ONpeAelieHUH KBaapa-
TUYHON (OpMBI ONPABABIBACTCS CIEAYIOIIMM MPEI0KEHUEM, KOTopoe 0e3
3TOro OBLIO ObI HEBEPHO.

Teopema 6.1. [Tonsipuas dopma A(x; y) OAHO3HAYHO OMPEACISIETCS CBOSH
KBaspaTu4dHOM hopmoit A(x;x).

< U3 onpenenenus OMIMHENHON (OPMBI JIETKO CIEAYET, YTO

Alx+ y;x+y) = A(x; x) + A(x; y) + A(y; x) + A(y; ).

Otcroa B clity CUMMETPUH (TO €CTh paBeHCTBa A(X; y) = A(y; x)) modydaem:

A(x; ) = %[Au it y) - A(ex) - A )]

B npaBoii yacTu 3TOro paBeHCTBA CTOAT 3HAYCHUSI KBaJAPaTUIHON (POPMBIL;
CJIeIOBATENbHO, MBI JJOKa3aJld, 4TO OmnuHeitHas popma A(x; y) ompenensiercs

CBOEU KBaJIpaTUUHOU (POPMOIA.
Brliie MBI yKe TOKa3bIBaIM, YTO BCSAKAs CHUMMETpHWUYECKas OWIMHEHHas
dbopma A(x;y) 3amUCBIBAETCS Yepe3 KOOPIMHATHI BEKTOPOB X U ) B BUJIE

n
A(x,y) = Zai]’xi Yis
i=1
j=1
e a, = a,.

CrnenoBarenbHO, BCsAKas KBajapatuuHas dhopma A(x;x) mpu 3aJaHHOM Oa-

n
3uce BbIpaxaercs Gpopmyson A(x;x) = Zayxi Xx;,THe a, = a, Wi
A(X;X) = ay X+ @, X, X, +..Fay, XX, +
Ly Xy Xy Ay Xs et Ay XX, (6.3)
+a, X X+ A X X, +eta, X

nn-n
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rzie KOO(QGUIMEHTBI @, € P U yIOBJIETBOPAIOT yCIOBUIO:

=a._. (6.4)

ij Ji
Ecmu B HCpBOHaIIaHBHOﬁ 34IlIuCHu KB&I[p&TPI‘IHOﬁ (bOpMBI KOC—)(b(l)I/II_II/IeHTBI
IIpu xl.xj 51 xj.xl. pas3in4dHbl, TO MOXHO CJIOXKHUTb UX H, PA3ACINB CYMMy Ha 2,

MOJIYIUTh paBHBIC 3HAYCHUS. >
N3 ycnoBus (6.4) cieayer, 4To MaTpuila KBaPAaTUUHOU (POPMBI SIBISETCS
CHUMMETPUYECKON MAaTPHULICH.

6.3 MarTpuubl OWIMHEHHON U KBAAPATUYHON (POPMBI

Mp1 onpeaenin OmnrHelHy0 GopMy akcuomaTuuecku. Beibepem Tenepb
B 1-MEPHOM IIPOCTPAHCTBE KAKOW-1HOO Oasuc e ,e,,...,e, W BBIPA3UM OWIH-

HEelHYI0 QopMy A(x;y) 4Yepe3 KOOPIUHATBHL (X, X,,..., X,) U (V,,V,5eees V)
BEKTOPOB X U ) B 3TOM 0azuce. MbI umeem:
A(x;y)=A(xe +x.e,+...+xe;ye +ye +.+ye).
B cuiy ycnoBuii 1 u 2 ounnnHeiiHol hopMbl
A(xe +x,e,+...+xe ;e +y,e+.+ye)=
=xy,A(ee)+xy,A(e;e,)+...+xy, Ale;e,) +
+x,0,4(e ;) +x,p,4A(ey;e,) +...+x,y A(e,;e,) + ...+
+x,y,A(e ;e)+x,v,A(e e,)+...+x,y Ale e, ),
WM B KOMIIAKTHOM BHJIE:
n
A(-xay) = ZA(ei;ej)xi yj'
=1
O0o3HaunM moctosiHHbie A(e,;e,) uepe3 a,. Torna umeeM: mpy 3aJaHHOM

0asuce e,e,,...,e, BCsIKas OMJIMHENHHas opMa B 7-MEPHOM MPOCTPAHCTBE MO-

KeT ObITh 3amucana B Bune A(x,y)=> a,x, y,,rae (x,, X,,..., X,) — KOOpIH-
i=l1
j=1

HaThl BeKTopa x, a (,,V,,..., ¥,) — KOOPAUHATHI BEKTOpa ¥ B JaHHOM Oa3uce.
Hucna a,3aBUCAT OT BBIOOpa Oa3uca U BHIYUCISIOTCS 110 popMyiam

a,=A(e;e,). (6.5)
Marpuna 4 = (a,), cocTaBieHHas U3 KO3PYUIHMEHTOB OUITHHEHHON POPMBI

A(x; y) wnn kBagpatnyHoil ¢opMmel A(x;x) B Oasuce e,,e,,...,e, , 3alIUCAHHON
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B CUMMETpUYHOM BHje (6.2) unu (6.3), Ha3bIBaETCA Mampuyei OuluHeuHou
Gopmer A(x; y) unu keaopamuunou gpopmsr A(x;x).

Takum o0pa3zoM, B KakJ0M Oasuce OMIMHEWHas U KBajpaTUdHas (OPMBI
OTIPEIEISIOTCSI CBOMMHU MaTpPUIIAMHU.

KBagpatuunyo (opmy yaoOHO 3amuchiBaTh B MaTpuuHOM dopme. s
3TOrO BBEJEM B pacCMOTpPEHHE CTPOKY nepeMeHHbIXx X =(x, x, ... x, ). Torna
A(x;x) = XAX ", rne A — marpuna kBaapatndaoil popmsl A(x; x). Hamomuunm,
uyro X' — TPaHCIIOHMPOBAHHAS MATPHIIA 110 OTHOIIEHHIO K MaTpHIie X.

ITpumep 6.6. [Tycts R’ — TpexMepHOE MPOCTPAHCTBO, BEKTOPAMHU KOTOPO-
O SIBISIFOTCS TPOWKH umcen (x,,x,,Xx,). 3amaaum B R’ OuinHelHyo Gopmy
A(x;y) opmynoit A(x;y)=xy, +2x,y, +3x,),.

Bossmem B R’ B kauectBe Gasuca Tpu Bekropa ¢ =(1,1,1); e, =(1,1,-1);
e, =(,-1,-1).

Haiinem matpuny 4 oununerinoit popmer A(x;y) B aTom 0azuce. B cuny
(6.5) nonyumnm:

a,=1-1+2-1-1+3-1-1=6,

a,=a,=1-1+2-1-1+3-1-(-1) =0,

a,=a, =1-1+2-1-(-1)+3-1-(-1) =4,

a,=1-1+2-1-1+3-(-1)-(-1) =6,

a,=a,=11+2-1-(-)+3-(-1)-(-1) =2,

a,=1-1+2-(-1)- (=D +3-(-1)-(-1) =6,

TO €CTh
6 0 -4
A= 0 6 2
-4 2 6

Takum obOpasom, eciiu 0603HaYUTh Yepe3 (x;,x.,x.) u (y/,y.,y.) Koop-
JIMHATBI BEKTOPOB X U y B 06asuce e, e,,e,, TO

A(x;y) = 6x/y] —4x[y; +6x,y; + 2x3y; —4x;y +2x,y) +6x1 )5,

6.4 IlpeoOpa3zoBaHue MaTPULl KBAAPATUYHBIX (PYHKIUA
IPHU Nepexo/ie K HOBOMY 0a3ucy

Jluneuinvim npeobpazosanuem NEPEMEHHbBIX X,, X,,...., X, HaJ nojem P Ha-
3bIBAETCS NIEPEXO]] OT UCXOHBIX IIEPEMEHHBIX K IEPEMEHHBIM V|, V,,..., V, IO
dbopmynam:
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xl = allyl +a12y2 +'"+alnyn’
x2 - a21y1 +a22y2 +°'°+a2n n?d (6 6)

xn = anlyl +an2y2 +"'+annyn’

rne a, € P. Marpuia § = (a,) Ha3bIBAa€TCsl MATPUIIEH JIMHEWHOTO TIpeoOdpa-

30BaHus (6.6). JInHEHOE MpeoOpa3oBaHUe MTEPEMEHHBIX C HEBBIPOKICHHOM Mart-
pulLeil Ha3bIBaeTcs HegbipodcoennviM. Ecrm X =(x, x, ... x), Y=, », ... V,),

TO cHCTeMa paBeHCTB (6.6) B MmarpuuHoi (opme mpurmmaer Bux: X' =SY'.
Ecimu (6.6) — HEBBIPOXKJIEHHOE JMHEHHOE MPeoOpa3oBaHUE MEPEMEHHBIX, TO
MOYKHO BBIpa3uTh oOpamHoe NpeoOpa3oBaHUE NEPEMEHHBIX V|, V,,..., ¥, UEPE3

MIEpEMEHHBIE X,, X, ,..., X, , KOTOpoe mpuMmeT BuI: ¥’ =S X',

n 2

Ilox npoussedenuem 08yx aunelinvix npeobpazo6anuti NIEPEMEHHBIX OHU-
MaeTcs MX MOCJIEI0BATENBHOE BBIIIOJIHEHNE.

Mampuya npouzeedenus nuHelinvix npeobpazoéaruti TEPEMEHHBIX paBHA
POU3BEJICHUIO MaTPHUI] 3TUX TTPEOOpPa30BAHUIM.

Marpuiia kBaapaTuaHou (GOpMbI MPH JIMHEHHON HEBBIPOKICHHON 3aMEHe
nepeMeHHbIx craenyromas: A' =S'AS, rme A— MaTpuiia KBaapatuaHou (op-
MBI, S — JIMHEWHOE MpeoOpa3oBaHUE IEPEMEHHBIX.

6.5 PaHr u KaHOHUYECKUI BU/ KBAAPATUYHBIX (PYHKIHUA

Panr matpuiisl A Ha3bIBACTCS paHeom KBaapaTUUIHOU hopMbl A(x; X).

KBagpatuunas opma Ha3bIBACTCS KAHOHUYECKOL, €CIIA OHA HE COJIEPIKUT
MIPOU3BEACHUN PA3IMUHBIX TEPEMECHHBIX.

Kanonuyeckum BUJIOM KBaJipaTUdHOU (hopMbl A(X;x) Ha3bIBaeTCs Jr00ast
KaHOHWYECKas kBajpaTtuuHas Gopma A(y;y), B KOTOpYyIO IpeBpaiaercs Gop-
Ma A(x;x) B pe3yiabTare MPUMEHEHUs] K BXOAIIMM B HeE MEpEeMEHHBIM
X5 X,,..., X, HEBBIPOKIECHHOT'O JIMHEHHOTO MPeoOpa30BaHUA.

Bonpocsl 1151 CAMOKOHTPOJISA

Haiite onpenenenne ahpGUHHOTO MPOCTPAHCTBA.

Kakyto ¢yHKIMI0 Ha3bIBalOT JMHENHHOM B adPpruHHOM npocTpaHCcTBE?
JaliTe onpenenenue OUMMHENHON HOPMBI?

[IpuBeauTe mpuMepsl OMITMHENRHBIX (GOPM.

Kakyto ¢popmy Ha3bIBatOT KBaJIpaTUUHON?

Kakoit Bua MMEIOT MaTpuIlbl OMJIMHEHHON M KBaJapaTUIHOU hopM?

SN DN AW
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7 3anuuurte MaTpPUYHBIA BUJ KBAAPaTUYHON (HOPMBI.

8 UYto Ha3bpIBaeTCs JMHEHHBIM IpeoOpa3zoBaHueM?

9 Uto Ha3bIBaETCS pAaHTOM KBAIPATHUYHOU POPMBI?

10 Kakoii Bu Ha3bIBaeTCI KAHOHMYECKUM JJIs1 KBaIPAaTUYHOUN (hopMbI?

7 UccienoBanue KBaapaTu4HbIX popm

7.1 IllpuBenenre KBAAPATHYHBIX (POPM K KAHOHHUYECKOMY BUY

Teopema 7.1 (0 npusedenuu xeadpamuunol Gopmvl K KAHOHUYECKOMY
6udy). Beskyro kBanpatudHyro GgopMy Haja moseM P MOXKHO ¢ TOMOIIBIO He-
KOTOPOTO HEBBIPOXKICHHOTO JHWHEHHOTO TpeoOpa3oBaHUs €€ TEPEMEHHBIX
NIPUBECTH K KAHOHMYECKOMY BH]TY.

KoHCTpyKkTHBHOE OKAa3aTeIbCTBO 3TOM TEOPEMBI COCTABISIET COAEPIKAHUE
MeToja Jlarpamka mpuBeIeHUs KBaIpaTUIHON (OPMBI K KAHOHUYECKOMY BH]TY.

Hopmanvuvim 6udom KomniekcHou keaopamuynou gopmsl [ (X, X,,..., X, )

Ha3bIBAETCS TaKOW €€ KaHOHWYECKHM BHJ, B KOTOPOM BCE HEHYJIEBbIE KO3 (-
(UIMEHTHI paBHHI 1.

Teopema 7.2. Bcesikas koMIUIEKCHas KBaApaTudHasi opma MOKET OBITh
MpUBEJEHA C MMOMOIIBI0O HEKOTOPOTO HEBBIPOXKICHHOTO JTMHEHHOTO Tpeodpa-
30BaHUS IEPEMEHHBIX K HOPMAJILHOMY BUJY.

Hopmanonvim  6uoom  OeticmeumenvHolti — K8AOpaAmuyHou  Gopmbl
f(x,, x,,..., X,) Ha3pIBaeTCs TaKOW €€ KAHOHWYECKHH BHJ, B KOTOPOM BCE He-

HyJIeBbIe KO3 (UIIMEHTHI paBHbI 1100 1, 1160 (—1).

Teopema 7.3. Besikas neicTBuTeNnbHas KBaapaTuyHas popma MOXKET ObITh
NpUBEJEHA C MOMOIIBI0 HEKOTOPOTO HEBBIPOKIEHHOTO JIMHEHHOTO mnpeodpa-
30BaHUS [IEPEMEHHBIX K HOPMAJIIBHOMY BUY.

Crenyromast TeopemMa MoKa3blBaeT, YTO HOPMAJIbHBIN BUJT IEUCTBUTEIBHOM
KBaJIpaTUYHON (POPMBI ONpeAesi€H OJTHO3HAYHO C TOYHOCTHIO 10 0003HAUCHUS
MIEPEMEHHBIX, & YUCIIO MOJIOKUTEIIbHBIX U YUCIO OTPULIATENbHBIX KO3 PuIu-
€HTOB B HOPMaJIbHOM BH/JI€ ABJISIFOTCS MHBapUAHTAMHU KBaIPATUYHOUN (POPMBI.

Teopema 7.4. Hucno NoJIOKUTENbHBIX U YUCIO OTPULIATEIIBHBIX KO3 DU-
[IUEHTOB B HOPMAJIbHOM BHJI€ JICCTBUTEIIBHON KBaJpaTUYHON (HOPMBI HE 3a-
BHUCST OT BBIOOpA HEBBIPOXKJACHHOTO JMHEWHOrO MpeoOpa3oBaHUs IMEPEMEH-
HBIX, TPUBOASIIETO 3TY (POPMY K HOPpMAILHOMY BHUTY.

7.2 Metona Jlarpan:xa. Metoa SAxkoou

[ nagnvimu Munopamu KBagpaTHOW MaTPULIBI
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TO €CTb MUHOPbLI, PACIIOJIOKCHHBIC B JICBOM BCPXHCM YIJIY MATPUIIbI A.

7.2.1 Meton Jlarpan:ka

OpHuM U3 HanboJiee MPOCTHIX CIIOCOOOB MPUBEACHUS KBAIPATUUHOU Pop-
MbI K KAHOHUYECKOMY BH]y SIBIISIETCS TaK Ha3bIBaeMblid MeTo 1 Jlarpanika.
Jlist mpuBeieHust KBaAPpaTUIHON (hOPMBI 77 IEPEMEHHBIX

g(x)=a,x! +2a,xx, +..+2a, x,x +a,x. +2a,x,x, +..+a_x

K KAHOHUYECKOMY BUJIy HY>KHO BBIIIOJIHUTH CIEAYIOIIUE NEUCTBUS.

1. BoiOpaTh Takyio MepeMeHHYI0 (8edyuyyro), KOTopas BXOJUT B KBaJpa-
TUYHYIO (OpMy BO BTOPOM W B MEpPBON CTENEHU OJHOBPEMEHHO (eciu
B KBaJIpaTU4YHON (popMe €CTh UJieH C KBaApaToM NEPEMEHHOMN U C MpOU3Bee-
HUEM 3TOU MEPEMEHHON Ha JIPYTYI0 NEPEMEHHYI0), U IEPEUTH K MyHKTY 2.

Ecnu B kBagpaTuuHOM (popMe HET BEIYIIUX MTEPEMEHHBIX, TO BHIOpATh Ia-
py MNEPEMEHHBIX, MPOU3BEICHUE KOTOPHIX BXOJAUT B KBaJpaTU4YHYIO (opMy
C OTJIUYHBIM OT HYJIA KO3PPULIHUEHTOM, U TIEPEUTH K TYHKTY 3.

Ecniu B kBaapatuuHoi (opme OTCYTCTBYIOT MPOU3BEIACHUS Pa3IUYHBIX
NEePEMEHHBIX, TO HUKAKUX MpeoOpa3oBaHuil JieJaTh HE HAJ0, TaK KaK OHAa YyxkKe
MMEET KAHOHUYECKUW BUJL.

2. ITo Bemy1ieit nepeMeHHOM BBIJCIIUTD MOJHBIN KBaJpaT: coOpaTh B KBajpa-
TUYHOU (pOpME€ BCE WIECHBI C BEAYIIEH MEPEMEHHOW, TOMOJHUTH CYMMY 3THX
YJICHOB JI0 TIOJIHOTO KBajipaTa (pa3yMeeTcsi, I00aBJICHHbBIC YWICHBI HYKHO TaKKe
U BBIYECTh, YTOOBI HE U3MEHUIIACh cyMMa). [TomyuyumM cymMmy mojHOTO KBajpara
HEKOTOPOM JIMHEHHOU (OopMBbI (B KOTOPYHO BXOAMWT BEAyIllash MEpeMeHHas) U
KBaJIpaTUYHON (POpMBI, B KOTOPYIO Beayllas nepeMeHnHasi He BxoauT. CruenaThb
3aMEHY TMEePEMEHHBIX: JIMHEHHYIO (opMy, COAEpX AIIyI0 BEAYIIYI0 MEepeMeH-
HYI0, IPUHSATH 32 OJHY W3 HOBBIX EPEMEHHBIX, a BCE CTAPhIE IEPEMEHHBIE, 3a
VCKJIIOUCHUEM BEIYIIECH, MPUHATH 32 COOTBETCTBYIOIINE HOBBIC. [IpOTIOIKNTH
npeoOpa3zoBaHus C MyHKTA 1.
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3. BeiOpanHyto nmapy nepeMeHHbIX 3aMEHUTh HAa Pa3HOCTb U CYMMY JIBYX
HOBBIX NIEPEMEHHBIX, & OCTAJIbHBIE CTApbIE IEPEMEHHBIC MPUHSTH 32 COOTBET-
CTBYIOIIIME HOBBIE nepeMmeHHble. [Ipu 3ToM mpou3BeneHuEe napbl BEIOPAHHBIX
MEPEMEHHBIX TPeoOpa3yeTcs K Pa3HOCTH KBAJpaTOB JBYX HOBBIX MEPEMEH-
HBIX, TO €CTh B HOBOHM KBajipatnudHoi popme ¢g(y) OyayT KBaapaThl NEPEMEH-
HBIX C OTJIMYHBIMH OT HYJIs KO3 puunentamu. [Tpoaomxute npeodpazoBaHus
HOBOW KBaJIpaTUYHON (POPMBI ¢ IyHKTA 1.

Nnes meroma Jlarpanxka cOCTOMT B TOM, YTO IPHUEM, HCIOJb3yEMBbIH
B NyHKTE 2 (BBIACJICHHE TMOJHOTO KBaJpaTa), UCKIIOYAET OJHY MEPEMEHHYIO
u3 uyucia Benymux. Hampumep, ecim mepeMeHHas x, — BeAywas (TO €CTh

a, #0 u x0T Obl OOUH U3 KO3PPUIUEHTOB 4a,,,d,,,...,d, OTIMYEH OT HYJA),
TO BBIEIISIEM IOJHBIA KBaJIpaT IO IEPEMEHHOM X, (coOMpaeM Bce YJIEHBI C X,

N JOIIOJHACM UX CYMMY A0 ITOJTHOT'O KBa/:[paTa):
2

1n

a a a
_ 2 12 1n 12
gx)=a,|x; +2x | —x, +..+—"x |+|—x, +..+

al] all all all

x J—
n

a12
—a, | —x, Fot

11
al] all

In

2 2
x, | ta,x, +2a,x,x, +..+a,x,.

Bripaxkenue, crosiliee B KBaJpaTHBIX CKOOKaxX, €CTh MOJIHBIA KBaapar.
[ToaTomMy

a a
— 12 1n
q(xX, %y, X, ) =ay, | X, +—=X, +..+ ==X, | +q,(x,,....X,),
a a4
2
_ 2 2 P 4
THE q,(X,y,.0sX,) = Ay Xy +200,%,%, +...+a, X, —a, | ==X, +..+—%x | —
a
11 11

KBaJApaTHUIHaA (bopMa, B KOTOPYIO HC BXOAUT BCAYIIasA IICPCMCHHAA, 4 BbIPAKC-
a
In

a .
HHE X, +——X, +...+——X — JUHEiHas Qopma, cojepKainas BeAyILy epe-

all all

aln

a
MeHHyR X,. O003HauUM y, =X, + —X, +...+
a

X, V, =Xy, V, =X, , UIH,

a

11 11

YTO TO KC€ CaMO€C, CACIIaCM HI/IHeI;'IHYIO 3aMCHY IICPCMCHHBIX:

1%, =V, (7.1)
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Torna nannas kBajgpaTtuyHas Gopma npeoOpazyeTcst K BULY

~ 2
GV Yo ¥,) = 0,3 +4,(Vy5eY,) -
3aMeTuM, 4TO B pe3yJibTaTe ATOTr0 MpeoOpa3oBaHMs BCE UJIEHBI, COAEpPKa-
1€ BEAYLIYIO IEPEMEHHYIO X, B IIEPBOM U BTOPOU CTEIICHU, 3aMCHEHBI KBaJl-

paToM OJHOUM HOBOW MepeMeHHOH y,. B manpHelmmx npeoOpa3zoBaHuUsX mepe-

MEHHas X y’K€ HUKOT/1a He OyJIeT BCTpeUaThCsl.

MHOrokpaTHo IpUMEHsIS 3TOT MPHEM, UCKITIOYAeM OJIHY 3a JPYTOi BCE BEIy-
IIMe TIEpEMEHHBIE, TTOTy4Yasi TEM CaMbIM KAaHOHUUYECKUHN BUJ KBAIPATHYHON (DOPMBI.

OpmHako BBIJIETICHUE TOJTHOTO KBajpaTra HEBO3MOKHO, €CIIM B KBaJApaTHY-
HOU (hopme BOOOIIE OTCYTCTBYIOT WICHBI C KBaJipaTaMu MEPEMEHHbIX. B a3TOM
cllydae TPUMEHSIETCSI CIOCO0, OMUCAHHBIA B ITYHKTE 3, KOTOPBIM MOpPOXKIaeT
YICHBI C KBaJApaTaMy MEPEMECHHBIX.

Hanpumep, B nyHkTe 1 BblAeneHa napa MEPEeMEHHbIX X, U X,, IPOU3BEe-

HUE KOTOPBIX BXOAUT B KBAIPATUUHYIO (POPMY C OTIMYHBIM OT HYJII KO3 hu-
nueHToM (a,, # 0). Torna Hy>XHO cenaTh 3aMEHY EPEMEHHBIX

(‘xl =V =V

X, =Y, t),

1%, =V, (7.2)
Xn :yn.

[Ipu 3TOM MOJIy4YUM HOBYIO KBaJIpaTUuHyr0 ¢opmy ¢ ()), B KOTOPOH mosi-

BATCSI KBaJIpaThl HOBBIX NMEPEMEHHBIX C OTIIMYHBIMU OT HYJIA KO3 duUllMeHTa-
MU, TaK KaK B pe3yJIbTaTe 3aMEHBI YJIeH 2a,,X,X, Ipeo0pa3yercs K BULy

2 2
2a12x1x2 = 2a12 (y1 -, )(yl + yz) = 2a12y1 B 2a12y2 >
a JIPyTHX WICHOB ¢ ), B HOBOM KBaIpaTUIHOM (hopme He Oy/IerT.
3ameTuM, 4TO MPHU MOMOIIM MeTona Jlarpanka He TOJIBKO HAXOJWTCS Ka-
HOHUYECKUU BUJI, HO U OIpEAENIeTCs] UCKOMasi HEBBIPOXKIEHHAsI 3aMeHa Iie-

peMmeHHbIX. B camom nene, 3aMeHbl nepeMeHHbIX (7.1), (7.2), KoTopble mpou3-
BOJISITCA B MyHKTax 2, 3 airOPUTMA, 3TO JIMHEUHBIE 3aMEHBI C MaTPULIAMH

1 a, a, 1 -1 0 .. 0

a,  a, 1 1 0 .. O

s=0 b . 0 LS=lo 0 1 . 0
o o .. 1 0O 0 0 .. 1

OmnpenenuTenu MaTpul OTIMYHbI oT HyJs (det S, =1,det S, =2). Cnenona-
TEJIbHO, 3TU 3aMEHbI MEPEMEHHBIX HEBBIPOXKIEHHBIE. BBIMOMHAS MyHKTHI 2, 3
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JITOPUTMA, MOKHO OIPENETUTh MaTPHULIbl UCIIOIb3YEMBIX 3aMEH MEPEMEHHBIX.
B pesynbraTte ux nepeMHOKeHUs (B MOPSIAKE HAXOXKACHHS) TIOTy4aeTCsl MaTpu-
11a KICKOMOM 3aMEHBI (COTJIACHO CBOMCTBY 2 TMHEHHBIX 3aMEH MEPEMEHHBIX ).

3ameuanue 7.1. KaHoHWYeCcKkHil BUJ KBaJpaTUYHOU (DOPMBI OIpejiesieH
HEOJIHO3HAYHO, TaK KaK 3aBUCUT OT IOCIEIOBATEIHLHOCTH BbIOOpa BEIyIIHMX

nepeMeHHbIX. Chenas, Hanmpumep, 3aMeHy IEpeMEHHbIX ). =o.z, (i=1n)

B KAHOHMYECKOM BUJIE, MTOJTYUYHUM JIPYTYIO KBaJ[paTUUHYIO (popMy, KOTOpasi To-
K€ UMeeT KAaHOHUYECKUU BU/L.

3ameuanue 7.2. DIEMEHThl MATPULIBI HEBBIPOKJICHHOW JIMHEHHON 3aMEHBI
MIEPEMEHHBIX, TPUBOAIICH KBAIPATUUHYIO (DOPMY K KAHOHUYECKOMY BUJTY, BbI-
YUCISIOTCA TMPU TMOMOIIM apUpMETHUECKUX onepanuii 1no koadpduimeHTam
kBagpatnyHon Gopmbl. [loatomy, ecan kKoapGUIIMEHTH KBaApaTUUYHOU (HOPMBI
palMOHAIbHBIE, JEHCTBUTENbHBIC, KOMIUIEKCHBIE, TO U KOI(PPUIIUEHTHI JUHEH-
HOM 3aMEHBbI PAllMOHAIBHBIE, ICHCTBUTEIBHBIE, KOMILUIEKCHBIE COOTBETCTBEHHO.

IIpumep 7.1. Metonom Jlarpanka npuBeguTe KBaapatuuHyw ¢opmy G
K KAHOHMYECKOMY U HOPMAJIbHOMY BHUJY. Y KQXKUTE HEBBIPOKJICHHBIC JINHEHU-
HbIE TPEOOPA30BAHUS IEPEMEHHBIX, TPUBOJISIIINE K STUM BUJIAM:

2 2 2
G=x, +4x, +9x; —4xx, —6x,x, +2x,x,.

Pemenne: a) [lpuBenem kBagpatuunyo Gopmy G K KaHOHUYECKOMY BH-
ny. Beibepem B kauecTBe BeAylIEll MEPEMEHHON X,, MOCKOJIbKY €CTh KBaApar
JAHHOW MEPEMEHHOM, U OHA MPUCYTCTBYET B JIBYX CMEIIAHHBIX MPOU3BEICHU-
sx. Beiensst ¢ Beay1ieit nepeMeHHOM MOJIHBINA KBaJIpaT, 0yJ1eM UMETh:

G =[x> —2x,(2x, +3x,) + (2x, +3x,)° |- (2x, +3x,)* +4x> +9x> + 2x.x, =
_ 2
=(x, —2x, —3x,)” —10x,x,.

Crenaem 3aMeHy INEpEMEHHBIX ), =X, —2x, —3X,, V, =X,, V, =X, WIA

X, =y, +2y,+3y,, x, =y,, X, =y, C MaTpULIel JUHEHUHOT O IPeOOpa30BaHU

1 23
4=/0 10
00 1

[Monyunm kBagparuunyo hopmy G = y/ —10y,y,. TlockoibKy B KBajpa-
TUYHOU (OpME HET KBaJpaTOB NEPEMEHHBIX ), U V,, TO CHEIaeM JIMHEHHOE
npeoOpa3oBaHue NEPEMEHHBIX V), =2, V, =2, —Z,, YV, =Z, + 2z, WIN z, = J,,

1 1
z, = 5(y2 +y,)),z, = 5(y3 — »,) € MaTpHLEH JMHENHOro Mpeodpa3oBaHus

1 0 0
A,=0 1 -1},
01 1
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KOTOpOE TPUBOAUT KBaapaTHYHyl0 (GOpMy K KaHOHHYECKOMY BHIY
G=z —-10(z, —z,)(z, + z,) = z] —10z; +10z; . Marpunua 1uHelHOrO MPeodpa-
30BaHUs OyaeT

1 2 3Y1 0 0) (1 5 1
T=A44,=[0 1 0/0 1 —1|=0 1 -1/.
00 1)o1 1) {01 1

HeBbIpokieHHOE NMHENHOE NPEeoOpa3oBaHHE NEPEMEHHBIX X,, X,, X

22 32

NpPUBOASIIEE K KAaHOHWYECKOMY BHIy, Cclenymwomee: x, =z, +5z,+z,,
X,=2z,—2,, X, =2z,+z,. HeTpyaHO npoBepuTh, 4TO IIpH npeodpa3zoBaHuu [’
dopma G(x,,x,,x,) npumer Buxn popmel G(z,,z,,z,) U MaTpula KaHOHUYE-
ckoii kBagpatnuHoil Gopmel A =T"AT, rne A — MaTpuua KBaJApaTHYHOM

bopMBI.
0) Haitnem HopmainbHbIi BUA KBaapatuyHoil opmel G . Jljist aToro caena-

€M 3aMEHYy IEepeMeHHbIX u, =z, u,=+10z,, u,=+10z;, wm z =u,

1 1 .
zZ, =——u,, z ZEM3 B KaHOHHUYCCKOM BHAC KBAAPATHUYHOU (1)0pMBI C Mar-

2 \/ﬁ 22 3

pHIIeH IMHEHHOTO MpeoOpa3oBaHus

1 0 0

A=l0 1 0
=10 Vi
1

0 0 A)

[Tosy4num HOPMAbHBIN BH] KBaaApaTHIHOH hopmel G =u —u; +u; . Mat-
pHILIEH TMHEHHOTO IPE00pa30BaHus EPEMEHHBIX OyIET MaTPHILIA

5 ]
LS byt 00 : /«/10 /«/10
K=T4. =|0 1 -1]|0 1 0:0% —y .
’ 01 1 /\/10 J10 J10
] ] ]
o o Y. |o /To u,

HCBBIpO)KI[CHHOG JIMHEMHOE Hp606pa3OBaHI/IC IIEPEMCHHbLIX X,, X

2’x

IPUBOJALIEE K HOPMAJIbHOMY BHUIY, CIEAYIOLIEE: X, = U, + %/Euz — %/E% ,

1 1 1 1
%= Vot Voot %= Vgt Vgt

Herpyano nposeputs, uto npu npeoOpazoBanuun K ¢opma G(x,,x,,Xx,)

39

npumet Bua popmbl G(u,,u,,u,) 1 MaTpulla HOPMaJIbHOU KBaaApaTUUYHOU Pop-
Mbl A, = K"AK.
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7.2.2 Metoa SIxoom

PaccmoTpum ermie oauH MeTOJi MPUBEICHUS] KBaJpaTUUHOU (HOPMBI K Ka-
HOHUYECKOMY BHUJY, KOTOPBIM YUUTHIBAET OCOOEHHOCTH ITPeoOpa30BaHMs MaT-
PHIIBI KBAIpaTUYHOM (hOPMBI IPH JIMHEWHOM 3aMEHE MIEPEMEHHBIX.

JlBe kBagparHble MaTpullbl A 1 A" OZHOrO M TOro K€ MOopsaKa Ha3bIBa-
I0TCSL KOH2PYIHMHbIMU, €CITU CYIIIECTBYET TaKas HEBBIPOXKJICHHAsi MaTpuua S,
yto A'=S"A4S .

Eciu A 1 A’ XOHrpyeHTHbIC KBaJpaTHBIC MATPHUIIbI, CBI3aHHBIE COOTHO-
menreM A =S"AS, roe marpuna S — BepXHss TPEyroJibHAsS ¢ €IUHHMIIAMU
Ha TJIaBHOU JUaroHaIn

1 % k
0 1 .. *

S = , (7.3)
00 .. 1

TO BCe TJ1aBHbIC MUHOpHI MaTpull 4 u A’ paBubl, rae B (7.3) 3Be3mouxoit (*)
0003HayvarTCs JII0ObIEC YUCIA.

Teopema 7.5 (AIkobu o kanonuueckom eude keaopamuurou gopmsit). Ecam

KBazipaTiuHas popma g(x) = > a,xx, =X AXx UMeeT paHr r =rgA u ee IJaB-
i=1 j=1

HBIC MUHOPBI OTJIMYHLI OT HYJIA, TO €€ MOJKHO ITPUBCCTH K KAHOHUYCCKOMY BUIY

i-1
IPU MOMOIIY JINHENHOMN 3aMEHBI IEPEMEHHBIX X = Sy C BEPXHEW TPEYrOJIbHON
Matpuiient S Buaa (7.3).

Aneopumm HaxodcoeHuss KAHOHUYECKO20 8U0d K8AOPAMUYHOU (hopMbl Me-
moodom Arxobu:

1. CoctaButh MaTpuity 4 (n-ro nopsjka) KBaapaTuaHou GopMbl.

2. HaiiTu nepBbi€ 7 OTJIIMYHBIX OT HYJIA YTIIOBBIX MUHOPOB MATPHIIbI KBa/I-
patuuHoil popmbl. Ecin A, #0,A, #0,...,A # 0, TO nepelTu K NyHKTY 3, 1O-
noxuB r=n. Eciu A =a, =0, To nporecc 3aKOHYUTh, TaK KaK MeTo1 SIkoou
HenpumenuMm. Ecoim A #0,A, #0,..,A #0 u A =0, rne 0<r<n-1, 1O
HAaWTU OTJIWYHBIN OT HYJA MUHOD (7+1)-r0 TOpsIKA, OKAMMIISIOIIMN MUHOD
A # 0. Ecii Takoro MMHOpa HET, TO MEPEUTH K IYHKTY 3, MHA4e IPOLECC 3a-

KOHUYHTh, TaK KaK METOJ1 SIKOOU HEMPUMEHUM.
3. 3anucath UCKOMBIM KaHOHHYECKUM BUJ (7.4) KBaapaTUIHOM (hOPMBI.
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IIpumep 7.2. Metonom SxoOu mpuBenute kBajgpaTtuunyio dopmy G K
KAaHOHUYECKOMY BUJTY.

G =x] +4x2 +9x] —6x,x, —4x,X, + 2X,X, .

Pemenne. [IpuBenem kBaaparnunyio Gpopmy G K KaHOHUYECKOMY BUJLY.
CocTaBuM MaTpUILy KBaJAPATUYHON (POPMBI:

1 -3 -2
A=|-3 4 1
-2 1 9

Halinem riiaBasle MUHOPBL: A, =1 — 110 onpeneneHuro,

1 -3 2
1 3

A=1,A = =-5,A,=-3 4 1|=-50.

-3 4

-2 1 9

Taxum o0pa3om, marpuna kBaapatndHon gopmel G(x,,x,,x,) IO TeOpeMe
AxoOu uMeeT ciaeayronui KAHOHUYECKUN BU/:

A 2 A2 2 A3

G(y1:J/2sy3):A; Wt A V) +A

2 2 2 2
Yy =y =5y, +10y;.
2
B caenyromei Teopeme npenyiaraeTes Apyroi cnocod MpUBEICHUS JICUCT-
BUTEJILHOU KBaJApaTUIHON (hOPMBI K KAHOHUYECKOMY BUJTY.

Teopema 7.6. [Ins mo0o0il JACHCTBUTENBHON KBaJpaTUYHOM (POpPMBI
f(x,, X,,..., X,) CyIIECTBYEeT JHMHEWHOE TMpeoOpa3oBaHUE IEPEMEHHBIX
X,, X,5..., X, C OPTOrOHAJbHOW MaTpPHILIEH, IpUBOJsALIEE ITY (HOPMY K KaHOHU-
yeckomy Buay. [Ipu aTom ko3pduiimenTamMu npu KBajaparax nepeMeHHbIX OY-
IyT KOPHHU XapaKTePUCTUUYECKOr0 MHOTOWJIEHa MAaTPHUIIbl KBAaIpaTUIHOU (op-
MBI f(X,, X,5... X,).

7.3 3ak0H MHepUMH KBAJAPATHYHBIX opm

Teopema 7.7. Ynciio HeHyNEBbIX KOIP(DUIIMEHTOB B KAHOHUYECKOM BU/IE
KBaJpaTuuHOM (GopMbl HaJ TojieM P He 3aBUCUT OT croco0a MpUBEIEHUs
KBaJpaTU4HON (OPMBI K 3TOMY BUY U PABHO PAHTy KBaAPATUUHON (HOPMBI.

[Tocnenusisi TeopeMa MO3BOJIAET BBECTHU cieaylolee onpeaenenue. Yucio
HEHYJIEBBIX KOA(DPUIMEHTOB B KAHOHMYECKOM BHUJE KBaAPATUYHON (HOPMBI
Ha3bIBACTCS UHOEKCOM UHepYuy ITOU KBaAPATHYHON (DOPMBI.

Uucno monaoxuTeNbHbIX KO3(POUIIMEHTOB B KAHOHUYECKOM BUJIE JIEUCTBU-
TEIbHON KBaJApPaTUYHON (OPMBI HA3BIBACTCS NOJONCUMENLHBIM UHOEKCOM
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UHepyuu TON KBaJIpaTUIHON (HOPMBI, a YUCIO OTPUIATEIBHBIX KOA(PhUuiueH-
TOB — €€ ompuyamenbHbiM UHOEKCOM UHEPYUU.

Ipumep 7.3. Onpeaenute MHAECKC HHEPIUU KBAIPATUUHON (DOPMBI
G =x +4x, +9x; —4x,x, —6x,x, +2x,x,.

Pemenne. KaHoHMueckuii BUJI KBaJApaTUYHOW (HOPMBI  CIEAYIOUIUNA
G =z —10z; +10z; cmotpers mpumep 7.1. CiemnoBaTenbHO, HHICKC HHEPIHN
paBeH TpeM (I =3), MOJ0KUTEIbHBIA UHAEKC UHEpIUU — IBYM (/" =2), oT-
puLaTenbHbii — ogHoMy (/™ =1).

7.4 Knaccupukanus KBaapaTHYHbIX (popm
0 KAHOHUYEeCKOMY BHLY

JlelicTBuTenbHas KBagparnyHas gpopma f(x,, x,,..., X ) Ha3bIBaeTCs:

— NOJIOJHCUMENbHO ONPedelEéHHOU, €CIU IS JIOOBIX 7 JEeUCTBUTEIbHBIX
qucen a,,d,,..., d, , 13 KOTOPbIX XOTs Obl OJJHO HE OTJIMYHO OT HYJIsl, UMEET Me-

CTO HepaBeHCTBO f(a,,a,,....,a, )>0;

— OMpuYyamenbHo onpeoeéHHouU, eCiu JIJIsl TH00BIX 71 IeUCTBUTENIbHBIX YH-
celn a,,d,,..., d, , 13 KOTOPBIX XOTs ObI OJJHO HE OTJIMYHO OT HYJIS, UMEET MECTO
HepaBeHcTBO f(a,,a,,...,a,)<0;

— 3HAKOONpeoeleHHOU, €CIIA OHa SIBJISETCS IOJOKUTEIbHO WU OTpHIla-
TEJILHO ONpeeIEHHON KBaApaTUIHOM (HhOpMOii;

— KB8A3U3HAKOONpeOeleHHOl, €CTU OHAa TPUHUMAET JIMOO TOJIbKO HEOTPH-
HaTeNIbHbIE, TUO0 TOJIBKO HEMOJIOKUTEIbHBIE 3HAUSHU S, TIPU 3TOM 00paIaeTcs
B HYJIb HE TOJIBKO IIPU X, =X, =...=x, =0;

— 3HaAKONepemMeHHOU, €CITU OHA IPUHUMAET KaK IMOJO0KUTENbHBIE, TAK U OT-
pHULIATENIbHBIE 3HAYCHHS.

Jlemma 7.1. Ecii K niepeMEHHBIM MOJIOKUTEIBHO OMPEEIEHHON KBaapa-
TUYHOHN (hOPMBI MPUMEHUTH HEBBIPOKACHHOE JIMHEHHOE MTPeoOdpa3oBaHue, TO M0-
JydeHHas KBaJpaTU4Hasi popma Takxke OyAeT MOJIOKUTEIBHO ONPEACIEHHOM.

Jlemma 7.2. Ecniu K mEepeMEHHBIM OTPHUIATEIIBHO OIPEICIEHHONW KBaapa-
TUYHON (POPMBI MPUMEHUTHh HEBBIPOXKJICHHOE JIMHEMHOE MpeoOpa3oBaHUE, TO
MOJTyYeHHas KBaJpaTU4Has (popMa Takxke OyJIeT OTPULIATEIILHO ONPEICTIEHHOM.

Ha crnenyromux ABYyX TeopemMax OCHOBaHBI CIIOCOOBI paclo3HaBaHUS Xa-
pakTepa OMNPENeNEHHOCTH AEUCTBUTEIBHOM KBaJpaTUYHOU (QOpPMBI MyTEM
[IPUBEACHUS €€ K KAHOHUYECKOMY BUY.

Teopema 7.8. Jlnst Toro uyToOBI JIeHiCTBUTENBHASL KBaJIpaTUUHAas (popma OT n
MIEPEMEHHBIX ObLJIa TOJIOXKUTEIILHO OMPEACIEHHON, HEOOXOIMMO U JI0CTaTOYHO,
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YTOOBI TOJIOKUTENIbHBIA MHAEKC HMHEPIUU 3TOM KBaJIpaTHUUHON (POpMbI ObLI
paBeH n.

Teopema 7.9. [lnga Toro 4utoObl AeHCTBUTENbHAS KBajpaTU4yHas Qgopma
OT n NEPEMEHHBIX OblIa OTPUUATEIBHO ONpPEAEIEHHON, HEOOXOAUMO U JI0C-
TaTOYHO, YTOOBI OTPUIATEIBHBIN UHAECKC UHEPIIMU 3TOU KBaJIpaTUIHOU (op-
MBI OBLT paBEH A.

7.5 Kputepuii CuiibBecTpa 3HAKOOIPEIEJIeHHOCTH
KBAJIPaTUYHON (POPMBI

Jlemma 7.3. 3HaK ompeaenuTeNsi MaTpUIlbl JEUCTBUTEILHON KBaJapaTHy-
HOM (hOpMBI HE MEHSETCS MPHU NMPUMEHEHHH K 3TOM (hopMe HEBBIPOKICHHOIO
JUHENHOTr0 TpeoOpa3oBaHUs IEPEMEHHBIX.

CaencrBue. Onpenenurens MaTPUIbl MOJOXKUTEIBLHO ONPEACIEHHON
KBaJIpaTUIHON (DOPMBI SIBIISIETCS MOJIOKUTEIBLHBIM YHCIIOM.

Cnocob pacnosuasanus XapakTepa ONpeneEHHOCTH KBaJapaTUIHON (op-
MBI OCHOBAH Ha CIIEJIYIOIIEH TeopeMe.

Teopema 7.10 (kpumeputi Cunveecmpa). JleicTBUTEIbHAST KBaIpaTUYHAS
dbopma SIBISIETCS TIOJIOKUTEIHHO OMPEAEIEHHON TOrja U TOJIBKO TOTJa, KOTia
BCE IJIaBHBIE MUHOPBI €€ MaTPUIIbI OJIOKUTEIbHBI.

JelictBuTenbHasi kBajpatuuHas ¢opMma SIBISIETCS OTPUIATEILHO OMpejie-
JEHHOM TOTJa U TOJBKO TOTJIa, KOT/Ia BCE IIIaBHbIE MUHOPBI HEYETHOTO MOPSI -
Ka €€ MaTpuilbl OTPUIATEIbHBI, @ BCE TJIABHBIE MUHOPHI YETHOTO MOPSIKA IMO-
JIOKUTEIBHBI.

Ipumep 7.4. [Ipu Kakux 3HAYEHUSX MapameTpa A KBaapaTtuuHas gopma
G sBIsETCA MOJOKUTEIBHO (OTPULIATEIBHO) OMPEICICHHON ?

G =3hx] +2x; + Ax; +6x,x, — 8x,x,.

Pemenne. CoctaBuM mMaTpuily kBagapaTudHoil Gpopmel G :

33 0
A= 3 2 -4
0 -4 A
Marpunia 4 ¥MeeT TpU IrIaBHBIX MUHOPA
3 3 0
3n 3
A1=\3M=3K,A2:3 ,=6h=9.A,=3 2 —4=3(2A-19).
0 -4 A
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Cornacuo kputeputo CuiibBecTpa, KBajparudHasi opma sIBIASIETCS MOJI0-
KUATEIBHO ONPEJICIICHHOM, €CITN

A, >0, 3L>0,
A, >0, = 6A—9>0,
A, >0. 3AM2A—19)>0.

Pemas cucremy, HaxomuMm A € (9,5;+00). Takum oOpa3oM, KBaapaTHdHas
dbopMma G ABISETCS MOJOKUTEIBHO onpeaeaeHHON pu A € (9, 5; + ).

Cornacuo kputeputo CuiibBecTpa, KBajpaTudHas ¢opMma sBISETCS OTpHU-
[aTEJIBHO OMpPEACIICHHON, €CIH

A, <0, 3L <0,
A, >0, = 64 -9 >0,
A, <0. 3M2A—19)<0.

Pemasi cucremy, moiyyaeM, 4To cucTeMa HE UMeeT perieHus. Takum 00-
pa3zoM, kBaapatuuHas Gopma G He SBISETCS OTPULIATEIHHO OMNpENeEeHHON
HU TIPU KaKUX 3HAYCHUSIX A .

Bonpocsl 111 CAMOKOHTPOJIS

1 Cdopmynupyiite TeopeMy O MPUBEACHUU KBaJpaTUYHOU (HOPMBI K Ka-
HOHUYECKOMY BUJTY.

2 Kakoit Buj Ha3pIBa€TCs HOPMaIbHBIM JIJISI KBaJIpaTUIHOU (hOPMBI?

3 Kakne MUHOpPBI Ha3bIBAKOTCS IJIaBHBIMH?

4 Cdopmynupyiite 3Tanbsl MeToaa Jlarpanika aiis HaXOXKIEHUS KaHOHU-
YECKOIo BHIa KBAJPaTUYHOU (POPMBI.

5 VYkaxuTe anropuTM HAXOXKIAEHUS KAaHOHMYECKOTO BHAA KBAaAPATUYHON
dbopMbl MeTOgOM SKOOH.

6 Uto Ha3pIBa€TCA WHAEKCOM HWHEPIHMH, MOJOXKUTEIbHBIM HHJIEKCOM
WHEPILNH, OTPULIATEIIBHBIM UHIEKCOM UHEPIUU?

7 Kiaccupunupyiite KkBaapaTuaHbie POpMbI M0 KAHOHUYECKOMY BUJTY .

8 Kakas kBajmpaTuyHas ¢popma Ha3bIBACTCS MOJOKHUTEIBHO (OTpUIIATEIb-
HO) OIIpeIeNEHHOMN?

9 Kakas kBaapatuuHas (popMa Ha3bIBa€TCs 3HAKOOIPEIEICHHOMU?

10 Kakas kBagpatuuHas (popMa Ha3bIBaeTCs KBa3M3HAKOOPEIEIECHHOMN?

11 Kakas kBaapatuuHasi hopMa Ha3bIBAE€TCSl 3HAKOIIEPEMEHHOM ?

12 Chopmynupyiite kputepuii CuiibBeCTpa 3HaKOMPEACICHHOCTH KBajapa-
TUYHOU (POPMBL.

46



JIureparypa

1 Wneun, B. A. AHanutudeckas reomerpus / B. A. Unbun, O. I'. Tlo3nsk. —
M. : DUSMATIIAT, 2009. — 223 c.

2 Wnbun, B. A. Jluneiinas anre6pa / B. A. Wnbun, 3. I'. [lo3asak. — M. :
OU3SMATIIAT, 2005. — 280 c.

3 beknememwes, /. B. Kypc ananmutudyeckoi reoMeTpuu U JUHEHHOU ajl-
reopst / [. B. beknemenes. — M. : ©USMATIIUT, 2005. — 304 c.

4 VYmMmuoB, A. E. AHanmuTuueckas reoMeTpusi M JIMHEHHas anredpa /
A. E. YMHOB. — M. : MOTH, 2011. - 570 c.

5 bepeskuna, JI. JI. Ananutuueckas reoMeTpus W JUHEWHas anreopa /
JI. JI. bepe3kuna. — Munck : PUBIII, 2012. — 354 c.

6 AmnanuTudeckas reoMeTpus B nmpuMmepax u 3anadax / H. I'. AGpaminna-
Kanaesa [u ap.]. — Munck : PUBIII, 2008. — 156 c.

7 COopHHUK 3aJlau 1o anredpe u aHanutudecko reomerpuu / A. A. byp-
IyH [1 1p.]. — MuHck : YHuBepcurerckoe, 1999. — 302 c.

8 JamasH, A. A. Anrebpa u reoMeTpus : yueOHOe MocoOue A CTyACH-
TOB (u3MKo-MareMarnyeckux (akynpteToB / A. A. lanasu, B. A. Jlynapenko. —
Mumnck : Beimaiinias mixosa, 1989. — 288 c.

9 Pyones, A. H. Kypc nunetineoit anreOpbl 1 aHATUTUHYECKON TEOMETPHUH :
y4eOHUK 1)1 CTyJeHTOB BY30B / A. H. PyOnes. — M. : Bricmias mikona., 1972, —
421 c.

10 Anrebpa u teopust uucen. JluneliHas anreOpa : MPaKTHUYECKOE PYKOBO-
JICTBO T10 BBITIOJIHEHUIO JIabopaTopHbIX padot / A. B. by3znanos, C. ®@. KamopHu-
koB, B. C. MonaxoB. — ['omens : ['TY um. @. Ckopunsl, 2008. — 142 c.

11 Anrebpa u ananutuueckas reometpus : B 2 4. Y. 1 / M. B. MunoBaHoB
[ 1p.]. — MuHck : Beiiimas mkona, 1984. — 302 c.

12 Anrebpa u ananutuueckas reometpus : B 2 4. Y. 2 / M. B. MusnoBaHoB
[v 1p.]. — MuHck : Beiiimas mkona, 1987. — 300 c.

13 [Iukun, E. B. Jluneitnbie npoctpanctBa u otodpaxkenus / E. B. 1lu-
kuH. — M. : MI'Y, 1987. - 302 c.

14 Kypc Bbimmiiimail MmataMathiki. Anredpa 1 reaMeTphlsi, aHalli3 (QyHKIIbIHA
agHo#l 3meHHaii / B. H. Pycak [1 iHm1.]. — MiHck : Beimiimas mkona, 1994, —
431 c.

15 DnemeHThl JUHEWHON anreOpbl M AHAIUTHYECKOW TE€OMETPUU
ydyeOHOe TocoOue sl WHKEHEPHO-TEXHUUECKUX CIEeIHAIbHOCTEH BY30B /
P. ®. Anarenok [u ap.]. — Munck : Beimimias mkona, 1986. — 272 c.

16 AnareHok, P. @. COopHUK 3a7a4 110 JUHEHHON aireOpe M aHaJIUTHYe-
ckoit reometpuu / P. ®. Anarenok, A. M. Mapkuna, B. b. Xeitnman. — MuHCK :
Bremiiimas mkoia, 1990. — 186 c.

47



IIpoussoocmeenno-npakmuueckoe uzoanue

bopoany Tumyp Bukroposnu

CUCTEMBI IMUHEMHBIX YPABHEHUM
BUWJINHENHBIE 1 KBAIPATUYHBIE ®OPMBbI

[IpakTueckoe pyKoBOJCTBO

Penaxtop B. U. llIxpedosa
Koppekrop B. B. Kanyeuna

[Toamucano B mevats 21.02.2017. ®opmar 60x84 1/16.
bymara odcernas. Puzorpadus. Ycu. meu. . 2,8.
VYu.-u3n. 1. 3,1. Tupax 25 sk3. 3aka3 141.

W3natens u nonurpaguueckoe UCIoIHEHUE:
yupexkJIeHrne 00pa3oBaHuUs
«I"omenbekuii rocyJapcTBEHHbIN yHUBEpCUTET UMeHU PpaHincka CKOpUHBI
CBHUIETETBCTBO O TOCYAAPCTBEHHOM perucTpanuu u3aaTens,
WzroroBuTtens, pacnpoctpaHuTens neyatHbix n3ganuii Ne 1/87 or 18.11.2013.
CrenmansHoe pazpemrenne (ymmensus) Ne 02330 /450 ot 18.12.2013.
Vn. Coserckas, 104, 246019, . 'omens.



T. B. BOPOJINY

CUCTEMBbBI IMHEUHBIX YPABHEHUUA
BUJIMHENHBIE U KBAJIPATUYHBIE ®OPMbI

I'omens
2017



